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1 Doingthe work of the Lor entz group with quaternion rotations and dila-
tions

Intr oduction

In 1905,Einsteinproposedhe principlesof specialrelativity without a deepknowledgeof the mathematicastructure
behindthe work. He hadto rely on his old mathteachemMinkowski to learnthe theoryof transformationg! do not
know thedetailsof Einsteins educationbut it couldmake aninterestingdiscussion-) Eventually Einsteinunderstood
generatransformationsembodiedn thework of Riemannwell enoughto formulategenerakelativity.

A. W. ConwayandL. Silbersteirproposeddifferentmathematicastructurebehindspeciakelatiity in 1911and1912
respectiely (a copy of Silbersteins work is ontheweh HenryBaker hasmadeit availableat ftp:/ftp.netcom.com/-
pub/hb/hbakr/quaternias/).Cayley hadobsenedbackin 1854thatrotationsin 3D couldbeachievedusinga pair of
guaternionsvith anormof one:

g’ =agb
where a*a = b*b =1

If thisworksin 3D spacewhy not do the 4D transformation®f specialrelativity? It turnsoutthata andb mustbe
comple-valuedquaternionsgr biquaternionsls this sobad?Let mequoteP.A.M. Dirac (Proc.Royal Irish Academy
A, 1945,50,p. 261):

"Quaternionghemselesoccupy auniqueplacein mathematicén thatthey arethe mostgeneraluantitieshatsatisfy
thedivision

axiom—-thathe productof two factorscannotvanishwithout eitherfactorvanishing.Biquaternionsio not satisfythis
axiom,anddo nothave ary fundamentapropertywhich distinguisheshemfrom otherhypercomplex numbers Also,
they have eightcomponentswhich is rathertoo mary for a simpleschemdor describingguantitiesn space-timé.

Justfor therecord: plenty of fine work hasbeendonewith biquaternionsandl do notdery thevalidity of ary of it.
Much effort hasbeendirectedtoward”other hypercomplex numbers” suchasClifford algebrasFor therecord,| am
makinga choiceto focuson quaterniongor reason®utlinedby Dirac.

Dirac took a Mobiustransformatiorfrom comple analysisandtried to developa quaternioranalog.The approactis
too generalandmustberestrictedo grafttheresultsto theLorentzgroup.| personallyhave foundthis approacthard
to follow, andhave yet to build aworking modelof it in Mathematical neededsomethingsimpler:-)

Rotation + Dilation

Multiplication of complex numberscanbethoughtof asarotationandadilation. Conway andSilbersteins proposals
only have therotationcomponentAn additionaldilation termmight allow quaterniongo do the necessaryvork.

C. Moller wrote a generalform for a Lorentztransformatiorusingvectors("The Theoryof Relatvity”, QC6 F521,
1952,eq. 25). For fixed collinearcoordinatesystems:

-

3‘(':3‘(+(7-1)(T/.?) - ¥tV

V)2
t” = yt - 7(?/3\()

1

Vi1 - (v/c)2

where c =1, ¥y =
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If V isonlyin thei direction,then
X = (xi-yﬁ/)i ryj +2zk
=yt -y (V.X)
Theadditionalcomplicationto the X' equatiorhandlesrelocitiesin differentdirectionsthani.

This hasa vectorequationand a scalarequation. A quaternionequationthat would generatehesetermsmustbe
devoid of ary termsinvolving crossproducts.The symmetricproduct(anti-commutator)acksthe crossproduct;
, a9’ +q'qg - T S
@ )= o = [t - XX X X
Moller's equationiookslike it shouldinvolve two terms,oneof theform AgA (arotation),the otherBq (adilation).

{v) a} v} F {9 0}

Q =d+ (v-1) =
[ V]
=g+ (¥ - 1){(\/' X _tlgl)z (0’ V)} + 7{(0, -T/), (t, -SZ)}

SR o 1)[t, (m)lv_vlz] (9 R), 1Y)

This is the generalform of the Lorentztransformatiorpresentedy Moller. Realquaternionsareusedin a rotation
andadialationto performthework of the Lorentzgroup.

Implications

Is this resultat all interesting?A straightrewrite of Moller's equationwould have beendull. Whatis interestingis
the equationwhich generateshe Lorentztransformation.Notice how the Lorentz transformationdependdinearly
on g, but the generatodependsn q andg*. Thatmay have interestinginterpretationsThe generatotinvolvesonly
symmetricproducts.Therehasbeensomequestionin the literatureaboutwhetherspecialrelatvity handlegotations
correctly Thisis probablyoneof themoreconfusingtopicsin physics,sol will justlettheobsenationstandby itself.

Two waysexist to usequaterniongo do Lorentztransformationgto be discussedn the next web page). The other
techniquerelieson the propertyof adivision algebra. Thereexistsa quaterniorl suchthat:

q =1Lq
such that scalar (q’, q’) = scalar (q, q) =t?- X. X
For aboostalongthei direction,
q’ (yt - yvXx, -yvt + yX, vy, z)(t, -X, -y, -2)

L=— =
q (t2+X2+y2+22)

(¥t2 -2yt vx+ ¥x? +y2 +22, yv(-t?+ x?),
ty - Xz -yt (y+Vvz) + yX(Vy + 2),
tz+xy + YU (VY - 2) + ¥X(-y +vz))/

(t2+x2+y2+ 22)

0, then L = (y, -yVv, 0, 0)

=
x
1]

<
1]
N
[]

0, then L

=
—_
1]

<
1]
N
1]

(¥, ¥Vv, 0, 0)
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The quaternionL dependson the velocity and candependon locationin spacetimg85% of the type of problems
assignedindegraduatesn specialrelativity useanL thatdoesnot dependon locationin spacetime).Somepeople
view thatasabug, but | seeit asa modernfeaturefoundin the standardmodelandgeneralkelativity asthe demand
thatall symmetryis local. The existenceof two approachemaybe of interestin itself.
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2 An alternative algebrafor Lor entz boosts

Intr oduction

Marny problemsin physicsareexpressecfficiently asdifferentialequationsvhosesolutionsaredictatedby calculus.
The foundationsof calculuswereshown in turn to rely on the propertiesof fields (the mathematicalariety, not the
onesin physics). Accordingto the theoremof Frobenius,thereare only threefinite dimensionalfields: the real
numberg1D), the complex numberg2D), andthe quaterniong4D). Specialrelatiity stresseshe importanceof 4-

dimensionaMinkowski spacesspacetimegnegy-momentumandthe electromagnetipotential. In this notebook,
eventsin spacetimeavill betreatedasthe 4-dimensionafield of quaternionsit will be shaovn thatproblemsinvolving

boostsalonganaxis of areferencdramecanbe solvedwith this approach.

The tools of specialrelativity

Threemathematicatools are requiredto solve problemsthat arisein specialrelativity. Eventsarerepresentes
4-vectors,which canbe add or subtractedpr multiplied by a scalar To form aninner productbetweentwo vectors
requireshe Minkowski metric, which canberepresentedly thefollowing matrix (wherec = 1).

(1 0 0 0 \
Myore = [0 -1 0 0 |.

etric LO 0 _1 0 J'
0 O 0 -1

{t, X, ¥, 2} Mpetic - {t. X, ¥y, 2}

£2 - x2-y? _ 72

1 0 0 0
. o -1 0 o
9% =lo 0o -1 o0
0 0 0 -1

{t, X, y,z}.9,7. {t,x, y, z} =t?2-x2-y%-z?

The Lorentzgroupis definedasthe setof matricesthat preseresthe inner productof two 4-vectors. A memberof
this groupis for boostsalongthex axis,which canbe easilydefined.

1

VB = e
¥[8l -B¥[Bl O 0
- 0 O
A1 LBB{B] vis] 0 OJ
0 0 0 1
YIB] 1=
1 s
Y[l -BY[B] O 0
- 0 O
AR += |TBYIBT WL O 0]
0 0 0 1

heboosted4-vectoris
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A B {t, X, Yy, 2}

{ t _ X B X _ tR y Z}
Vi-pZ Vi-B% Vi-g2 N1-g2

AIB] (t, X, Y, Z)

( \

|t xs X ___tB_ .,
L«/l—/s2 Vi-g7 NI-87 NI-g J

To demonstrat¢hattheinterval hasbeenpresered,calculatetheinnerproduct.

Simplify [
Ax [/3] . {t! X, Y, Z}' M‘ne[ric -Ax [B] . {t! X, Y, Z)]

£2 - x2 _y? _ 22

ABY (U, X, Y, 2) 9,7 AIB] (L, X, Y, Z)
=t2—x2—y2—22

Startingfrom a 4-vector, this is the only way to boosta referenceframe alongthe x axis to another4-vectorand
preseretheinnerproduct.However, it is notclearwhy onemustnecessarilytartfrom a 4-vector

Using quaternionsin specialrelativity

Eventsaretreatedasquaternionsa skew field or division algebrathatis 4 dimensional Any tool built to manipulate
guaternionwvill alsobea quaternionln thisway, althougheventsplay a differentrole from operatorsthey aremade
of identicalmathematicatabric.

Thesquareof aquaternionis
Simplify [

(Q[t, X, ¥y, z].qlt, X, y, 1+
LCI[I, X, ¥y, z].qlt, x, y, 7]

\
> J.{l, 0, 0, 0}]

{(t?2-x2-y2_22 2tx, 2ty, 2t z}

(t, %)7 = (12-% % 2t ¥)
Thefirst term of squaringa quaternionis the invariantinterval squared.Thereis implicitly, a form of the Mink owski
metricthatis partof therulesof quaterniormultiplication. The vectorportionis frame-dependentf a setof quater
nionscanbefoundthatdo notaltertheinterval, thenthatsetwould sene the samerole asthe Lorentzgroup,actingon
guaternionsnoton4-vectors.If two 4-vectorsx andx’ areknown to havethe propertythattheirintervalsareidentical,
thenthefirsttermof squaringg[x] andg[x’] will beidentical. Becauseuaterniongreadivisionring, theremustexist
aquaterniorL suchthatL q[x] = q[x] sinceL = q[x] q[x]"-1. Theinverseof a quaternionis its transposelivided

by the squareof the norm (which is the first term of transposef a quaterniortimesitself). Apply this approacho
determine. for 4-vectorshoostedalongthe x axis.
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Simplify [

qly[Blt - By[BIX, -ByI[Blt + ¥[BIX, Yy, z].
Transpose [q[t, X, VY, z]]
(Transpose [qlt, X, ¥, z11.9l[t, x, y, z1)[I[1, 111°

{1, 0, 0, 0)]

{t2+x2—2txﬁ+(y2+zz)m’ (-t2+x2) B ’
(t2+x24y2422y\1-p2 (t2+x24y2 422y \1-p7
~t (y+zB-yVI-F7) +x (z+yB-2VI-F?)

(t2+x24+y2422)1-p82 ’
x(z/3+y(—l+m))+t (y/3+z(—l+m))}
(t2+x2+y2422)1-p52
(v[BIt -B¥I[BIX, -B¥[BIt +¥[BIX, ¥, 2)(t, X, ¥, z)7*

= (t2+x2—2t X B+ (y2+22) \/1-_/32 (-t2 +x2) B,
-t (y+z/3—y 1—/32) +X (z +yB-2 \/1—_[32)
x (z8ey (-1+N1-82)) ot (yBez (-1+4/1-£2)))
/(t2+x2+y2+22) \/1—_[525L
Definethe LorentzboostquaterniorL alongx usingthis equations.L depend®n therelative velocity andposition,
makingit "local” in asenseSeeif L q[x] = q[x’].
Simplify  [Expand [ (
Lit, x, y, z, Bl.qlt, x, y, z]). {1, 0, 0, 0}11
{(t -xB)¥IBl, (x-1B)¥I[R]l, Y, 2}

Lit, x, y, z, BI(t, X, y, 2)
= (yt - ¥BX, -¥yBt + ¥X, Yy, Z)

This is a quaternioncomposedf the boosted4-vector At this point, it canbe saidthat _any_ problemthat canbe
solvedusing4-vectors the Minkowski metricanda Lorentzboostalongthe x axis canalsobe solvedusingtheabove
guaterniorfor boostingthe eventquaternion.Thisis becauséothtechniquegransformthe samesetof 4 numbergo
the samenew setof 4 numberausingthe samevariablebeta.To seethis work in practice pleasesxaminetheproblem
sets.

Confirmtheinterval is unchanged.

Simplify [ (
Lit, x, v, z, Bl1.qlt, X, y, z].
Lit, x, v, z, Bl.qlt, X, y, z]). {1, 0, 0, 0}]

{t2-x?-y2-22, 2 (t2B+x2B-t X (1+5?))
' -1+p8°2 !
2y (t =xB) 2z (t -xB)

Vi@ | A1-p?
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(LIt, X, y, z, Bl (t, X, y, 2))?

- |(t2—x2-y2-22 2 (t2B+x2B-t x (1+4?))
h ' -1+p2

2y (t -xB) 2z (t —x/3)\|

VI-F7 | NI-F |

Thefirst termis conseredasexpected.The vectorportion of the squards framedependent.

Using quaternionsin practice

The boostquaternionL is too complex for simple calculations.Mathematicadoesthe grungework. A greatmary

problemsin specialrelativity do notinvolve angulairmomentumwhichin effectsetsy = z = 0. Further it is oftenthe
casethatt = 0, or x = 0, or for Dopplershift problemsx = t. In thesecasesthe boostquaterniornL becomes very

simple.
If t =0, then
L ==L[0,x, 0,0, 8].{1,0,0,0}

L =)’(1, /3, 0, 0)
q->q" = Lg
(0, x,0,0)-> (t",x’,0,0) = (-¥yBX, ¥X, 0,0)

If x =0,then
L ==1Lp[t,0,0,0,B8]. {1, 0, 0, 0}

- 8

, - ,0,0
V1-gZ A1-42

L= ‘{(1, —/5, 0, 0)

L=

a->9 =Lq
(t, 6)-> (t’, x’, 0,0) = (yt, -yBt, 0, 0)
If t =x, then

L == Simplify [L[t, t, 0, 0, 1. {1, 0, 0, 0}1

|_=={ 11'_’; , 0,0, 0}

L=y(1-8,0,0,0)

g->4q =Lg

(t,x,0,0)->(", x,0,0)=y(1-B)(t, x, 0, 0)
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Note: thisis for blueshifts.Redshiftshave a plusinsteadof the minus.

Over50 problemdn asophomore-leel relativistic mechanic€lasshave beensolvedusingquaternions90%required
this very simpleform for the boostquaternion.

Implications

Problemsin specialrelativity can be solved either using 4-vectors,the Minkowski metric and the Lorentz group,
or using quaternions.No experimentaldifferencebetweenthe two methodshasbeenpresented.At this point the
differenceds in the mathematicatloundations.

An immenseamountof work hasgoneinto the studyof metrics,particularin thefield of generalrelativity. A large
effort hasgoneinto grouptheoryandits applicationgo particlephysics.Yetattemptgo unitethesetwo areasof study
have failed.

Thereis no division betweenevents,metricsand operatorsvhensolving problemsusing quaternions.One mustbe
judiciousin choosingguaternionghatwill berelevantto a particularproblemin physicsandthereinlies theskill. Yet
this createshopethatby usingquaternionsthe long division betweerbetweemmetrics(the Grassmarinner product)
andgroupsof transformationgsetsof quaternionshatpresere the Grassmarnnerproduct)may be bridged.
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3 8.033Problem Set1, Kinematic Effects of Relativity

Preamble: Initiation functions

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionso characterizeaventsin
spacetimeThe mostbasicaregammaanda roundvaluefor c.

1
V1 - g2

c =310%ms;

¥[B] :=

Defineafunctionfor quaterniongisingits matrix representation.

(t -X -y -z
L xot -z y
qlt., X, y., z.] := |Ly 2 t x J
z -y X t
A quaterniorL thatperformatransformon aquaternion

L g[x] = q[x’] - identicalto how the Lorentztransformatioractson 4-vectors- Lambdax = X’ - shouldexist. These
aredescribedn detailin thenotebooK'A differentalgebrafor boosts. For boostsalongthe x axiswith y = z = 0, the
generalfunctionfor L is

L[t., x_, B.] :=
aly¥[BI1t? - 2¥[BIRt x + ¥[BI X2, -B¥IB] (t2 - x2), 0, 0]

t2 4 x2
Most of the problemshereinvolve muchsimplercasedor L, wheret or x is zero,or t is equalto x.
If t=0,then

L[O, x, B]. {1, O, O, O}

1 B
{ 17/32’ 1752'0’0}
If x =0,then

Lit, 0, B1. {1, 0, 0, 0}

If t =X, then

Simplify  [L[t, t, B]. {1, 0, 0, 0}]
{ 1-5 o 0, o}

\J1-82

Note: thisis for blueshifts.Redshiftshave a plusinsteadof the minus.

The problemsarefrom "Basic Conceptdn Relatvity” by ResnickandHalliday, ©1992by Macmillian Publishing,
"SpecialRelatvity” by A. P. French,(© 1966,1968by MIT, andProf. M. Barangeiof MIT.

R&H 2-9: A moving clock

Q: A clockmovesalongthex axisat a speeddf 0.6candreadszeroasit passeshe origin. Whattime doesit readas
it passeshe 180m markonthex axis?
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A: A clock measuresninterval betweertwo events. The first eventoccursat the origin. The secondeventhappens
at180m in atime of 180m/v. Calculatetheintenval by squaringthe differencequaterniorandthentakingthesquare
root of thefirst term.

(qr180m (0.6¢), 180 mc, O, 0] .
q[180 m (0.6¢), 180 m c, 0, 01) [[1, 11]

8. x1077 \/§

Themoving clockreadsd x 10" — 7 seconds.

R&H 2-10: A moving rocket

Q: A rodlies parallelto thex axisof referencdrameS, moving alongthis axisata speedf 0.6c¢. Its restlengthis 1.0
m. Whatwill beits measuredengthin frameS?

A: Considerthe meterstick atrestin aframeS’, oneendatthe origin, the otherat g[0, 1 m, 0, 0]. We wantto boost
the stick endquaterniorto frameS. Theboostquaternionwhent=y=z=0isL = q [y, -¥ B, 0, 0]. In frameS’,
frameSis moving at-0.6c¢.

stick gng = al¥[-0.6]1, -0.6¥[-0.6], 0, 0].q[0, 1m 0, 0];

The startof the stick will move for atime equalto thefirst termof the boostedquaternionandmovedby a distancex
= vt/c.

stick = q[stick o,q[[1, 111, 0.6 stick oq[[1, 111, O, 01

start

Themeterstick’s lengthin frame S will bethe differenceat the sameinstantin this framebetweenthe boostedstick
endandtranslocatedtick start.

Stick |gngth = (Stick ¢nq - stick g ). {1, 0, 0, 0}
{0. m 0.8m 0, 0}

Themeterstickis lengthcontractedo 0.8 metersn frames.

R&H 2-13: A fast spaceship

Q: Thelengthof a spaceships measuredo be exactly half its restlength. (a) What is the speedof the spaceship
relative to the obsenrer’s frame? (b) By whatfactordoesthe spaceshig clocksrun slow, comparedo clocksin the
obserer'sframe?

A: (a) Considerthe spaceshigat rest,oneendat the origin, the otherat q[0, d, 0, 0]. We wantto boostthe shipend
guaterniorto the obsener’s frame. The boostquaterniorwhent=y=z=0isL = q [y, ¥ B, 0, 0]. In theship’s
frame,theobseneris moving at-v/ c.

ship ¢ng = dl¥[-B1, -B¥[-B1, 0, 01.q[0, d, O, O];

Thestartof the shipwill move for atime equalto thefirst termof the boostedquaternionandmovedby a distancex
= vt/c.

ship gat = dlship gng [[1, 111, B ship ¢ng [[1, 111, O, 01

Theship’slengthin the obsener’s framewill bethedifferenceat the sameinstantin this framebetweerthe boosted
shipendandtranslocateghipstart.

ship length = (ship gng - ship gue ). {1, 0, 0, 0}
2
{o, d 45 o, of

1-82 J1-p2
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Solvefor bet a settingthis distanceto d/2.

Solve [ship length [[21] == d/ 2, B]

(6L}, {s- B}

Betais v/3/2 = 0.866.
(b) Thefactorthatthe clocksappeatto run at differentratesis gamma.

7]

12
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4 8.033Problem Set2, Mor e Kinematic Effects of Relativity

French: 4-5

Q: A rocketshipof properlengthd travelsat constantelocity v relative to aframeS. Thenoseof theship (A’) passes
thepointA in Satt =t = 0, andatthisinstantalight signalis sentoutfrom A’ to B’ (the endof the ship). (a) When,
by rocketshiptime (t'), doesthe signalreachthetail (B’) of theship?(b) At whattimetl, asmeasuredn S, doesthe
signalreachthetail (B’) of theship?

(c) At whattime t2, asmeasuredn S, doesthetail of theship(B’) passthepointA?
A: (a) In therocket’s frame,thelight is emitteda properlengthd from the origin travelingatc, sot’ = d/c.

(b) In therocket'sframe theeventof thesignalreachinghetail is representetly thequaterniorg [d/ C, d/ C, 0, 0].
In frameS, thelight is blueshiftedbecauseherocketis approachingt a speedf -beta.

t1 = Simplify [

(v[Bl - B¥IBI) qld/C, d/C 0, 01. {1, 0,0, 0}]
{ d(-1+p d1:8 o o}

i CA/1-p? ’ CA/1-p? ’

Thetime thesignalarrivesin frameSis ¢t1 = «H%Z %

(c) Thelengthof theshipin frameS mustbe calculatedirst. Boosttheship'sendatq[0, d, 0, 0] to frameS. Theboost
quaternionisL = q [y, ¥B, 0, 0].

ship ¢ng = qI¥[-B1, -B¥[-B1, 0, 01. q[0, d, 0, 0];
The sstartof the shipwill move for atime equalto thefirst termof the boostedquaternionandmovedby a distancex
= vt/c.

Ship gt = QIship gng [[1, 111, Bship oq[[1, 111, O, 01

Theship’slengthin frameSwill bethe differenceat the sameinstantin this framebetweerthe boostedshipendand
translocateghipstart.

Ship jength = (ShiP ¢ng = ship gue ). {1, 0, 0, 0}
2
{o, d A7 o, of

1-52 ~1-p82

Ship length [[211 ]
B

2 = Simplify [
d-dp?
BAJ1- B2

Thetime therocketshipstail arrivesis t2 = d/ By in framesS.

French: 4-9

Q: Two spaceshipssachmeasuringl00 m in its own restframe,passby eachothertraveling in oppositedirections.
The instrumenton spaceshifA determinethatthe front endof spaceshiB requires5 microsecondso traversethe
full lengthof A. (a) Whatis therelative velocity of the 2 spaceships®b) A clockin the front endof B readsexactly
oneo’clock asit passedy thefront endof A. Whatwill theclock readasit passedy therearendof A?

A: (a) Givenalengthandatime, divide oneby the otherto gettherelative velocity.

q[510%s, 100 m 0, 01[[2, 11]
qr5107°%s, 100m 0, 01[[1, 1]1]
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20000000 m
S

Therelative velocityis 2 x 10°7m/s.

(b) Thepropertime of theclockin rocketshipB is theinterval, which whenusingquaternionss thesquareoot of the
first termof the quaterniorsquared.

(q[5. 107%s, 100 c, 0, 0] .
q[5. 10%s, 100 m ¢, 0, 01) [[1, 11]

4.98888 x 10 % 4/s?

Theclockin rocket B readsoneo’clock plus4.99microseconds.

French: 4-12

Q: At noona rocketshippasseshe Earthwith a velocity 0.8c. Obsenerson the shipandon the Earthagreethatit is
noon.

(a) At 12:30PM. asreadby a rocketshipclock, the ship passesn interplanetarynavigational stationthat is fixed
relative to the EarthandwhoseclocksreadEarthtime. Whattime is it atthe station?(b) How far from the Earth(in
Earthcoordinates)s the station?

(c) At 12:30P.M. rocketshiptime theshipreportsby radiobackto Earth. When(by Earthtime) doesthe Earthreceve
thesignal?

(d) Thestationon EarthrepliesimmediatelyWhen(by rockettime) is thereply receved?
Solvethis problemTWICE, onceusingthe Earthasareferencdrameandthenusingtherocketatthereferencdrame.

A: (a) Fromthe Earthframe,we aregiventhe propertime ontherocket clock as30’. Thisinterval is equalto theone
seerby the Earth,whichis calculatedby squaringthe quaterniorandsolvingfor t.

Solve [(q[t, -0.8t, 0, 0].
qrt, -0.8t, 0, 01)[[1, 111 == (30 min)?,
t]
{{t >-50. nin}, {t 550. nin}}

Thetime onthe Earthclockis 50 min.

(b) Multiply thetime by the speedandgetthe unitsright.

. 60s
dgtaion = 0.8c¢ 50 min o

7.2x10%m
Thedistances 7.2x 10"11meters.
(c) Thetime of therocket emittingthe signal,50’, plusits travel time from thatlocation,50’ v/c = 40, is 90’, or 1:30.

= 50 min + 0. 8 50 min

t earthreceives

90. mn

(d) Find the intersectionof the world line of the rocket, x/c = v t/c, andthe world line of the light emittedfrom the
Earthat 90 min,

x/lc=1-90".

Solve [x/C==1t -90min/. x/C->0.8t, t]
{{t -450. m n}}
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The positionof the eventis 450’ v/ic = 360’. We needthe propertime of this interval, which will bethetime onthe
rocketclock.

(g [450 min, 360 min, O, 07 .
g [450 min, 360 min, 0, 01) [[1, 1]]

270 /i n?
At 4:30rockettime, thelight from the Earthwill berecevedattherocket.
A’: Now from therocketframe...
(a’) Fromtherocketframe,we aregivent=30’, x = 0. We needto boostthis propertime interval to the Earth's frame.

qly[0.8], 0.8v[0.8],0, 0].
g[30 min, 0, 0, 01. {1, 0, 0, 0}
(50. nin, 40. min, 0, 0}

Thetimein the Earthframeis 50 min.

(b’) Thedistancefrom the Earthin the Earth's frameis the seconderm of the above quaternion.Corvert 40 min to
meters.

40 min ——c
min
720000000000 m

Thedistances 7.2x 10”11 meters.
(c) Findtheintersectiorof theworld line of the Earth,x/c = -v t/c, andthelight emittedat 30’, x/c = -t + 30.

Solve [Xx/C == -t + 30min/. x/C-> -0.8t, t]
{{t -150. mn}}

The positionof this eventis 150’ v/c = 120’. We needthe propertime of this interval, which will bethetime onthe
Earthclock.

(q[150 min, 120 min, O, O] .
gq[150 min, 120 min, 0, 01) [[1, 1]]

90 +/mi n2
At 1:30Earthtime, thelight will berecevedfrom therocket.

(d") Itis 150’ in therocketframewhenthe Earthemitsthe signal. It will take 120’ for thesignalto arrive. 150’ + 120’
=270 or4:30.

g [150 min, 120 min, 0, O1[[1, 1]] +
gq[150 min, 120 min, 0, 01[[2, 1]]
270 n

Thesameansweragain!

R & H: 2-14A slow airplane

Q: An airplanewhoserestlengthis 40.0m is moving at a uniform velocity with respecto the Earthat a speedf 630
m/s. (a) By whatfractionof its restlengthwill it appeato beshortenedo anobseneron Earth?(b) How long would
it take by Earthclocksfor the airplanes clock to fall behindby 1 microsecondassuminghatonly specialrelativity
applies?

A: (a) Boosttheplanestail in the planes frameto the Earth's frameby a speedf -630m/s.

Bplane = 630. m's/c
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2.1x10°®

dtail = q[V['BpIane 1, 'Bplane 7['/3plane 1, 0, 01.
q[0, 40m O, 01;

Calculatethe distanceraveledby the nosein this amountof time.
dnose = c“:dtail [[1, 111, Bplane dtail [11, 111, 0, 01;

Subtracthe distanceraveledby the nosefrom thetail. Take theratio of this differencewith therestlength.

1 - (it = dnose) [12, 111
40m
2.205x 10712

Theratio of lengthsasseenon the Earthis 1 minusthis smallnumber

(b) Wewantto know thedifferentialtime betweeraboostectlockandoneatrest. Thisis thefirsttermof thedifference
betweera boostedandunboostedlock.

(A0 Bpane 1» Bpiane ¥ [Bpiane 1. 0, 01. qIt, 0, 0, 0] -
qrt, 0, 0, 01) [[1, 111

2.205x10712¢
Setthis equalto 1 microseconandsolve for t.

NSolve [% == 107%s, t]
{{t -453515. s}}

min hr day
453515 s oS Gomin 24 hr
5. 24902 day

The planemusttravel for 4.53x10"5s to getout of syncby a microsecondvith the Earth,or 5.25days.

R & H: 2-21Travel to the galactic center!

Q: (a) Canapersonjn principle,travel from Earthto the galacticcenter{whichis about28,000lyr distant)in anormal
lifetime? (b) What constanwelocity would be neededo make thetrip in 30 years(propertime)?

A: (b) Boosttherocketeerup to the BIG speedB=1-e,setthe distanceo the destinatiord, andsolve for e.

Solve [
(qly[l-e], (1-e)y[l-e],0,0].
q[t, 0,0, 01)[[2, 1]1] == d, e]
d2 +t2-d+d?+t? d2 +t2+dd?+t?
{{e- Jo e )
d? +t?2 d? +t?2

Plugin numbers.

N[%/ . {d->28000, t->30}]
{{e>5.73979 %1077}, {e>2.}}

The constansspeedequiredto make thetrip in 30 yearsis 1 - 5.7 x 107-7 lessthanc. Theanswerto (a) is thatasa
purelymathematicaéxercise onecouldsayyes.However, this doesnotaccountfor theenegy requiredto reachsuch
aspeedAn analysiswhich investigatedhe enegy requirementsvould probablyconcludethatit cannotbe done.
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R & H: 2-24Decayin flight (Il)

Q: Themeanlifetime of muonsstoppedn aleadblockin thelaboratoryis measuredio be2.2microsecondsThemean
lifetime of high-speednuonsin a burstof cosmicraysobsenedfrom the Earthis measuredo be 16 microseconds.
Find the speedf thesecosmicray muons.

A: Boostthe muonfrom its restframeto thelab.
muon,, = ql¥[B1, B¥I[B1, 0, 01. q[2.2us, O, 0, 01;
Setthetime componenbdf thequaterniorequalto 16 microseconds.

Solve [muong, [[1, 111 == 16 us, B]
{{B - -0.990502}, {B—0.990502}}

Themuonis travelling 0.9905c.

R & H: 2-25Decayin flight (Ill)

Q: An unstablehigh-enegy particle entersa detectorand leaves a track 1.05 mm long beforeit decays. Its speed
relative to thedetectoiwas0.992c.Whatis its properlifetime?

A: Boostthe properpathof unknovn lengthL by v/ic = 0.992,solve for L giventhelab lengthL’.

Solve [(q[y¥[-0.992], -(-0.992) y[-0.992], 0, 07 .
qr0, L, 0, 01)[[2, 1]1] == 0.00105 nf c, L]
{{L—>4.41833x1013s}}

Theaveragdifetimeis 4.4x 10" - 13s.

R & H: 2-26Decayin flight (IV)

Q: In the targetareaof anacceleratotaboratorythereis a straightevacuatedube 300 m long. A momentaryburst
of 1 million radioactve particlesentersat oneendof the tube,moving at a speedof 0.80c. Half of themarrive at the
otherendwithout having decayed(a) How longis thetubeasmeasuredby anobsener moving with theparticlesb)
Whatis the half-life of the particlesin this samereferencdrame?(c) With whatspeeds the tubemeasuredo move
in this frame?

A: (a) Sameasabove.

Solve [(gq[¥[-0.8]1, -(-0.8) y¥[-0.8]1, 0, 0] .
ql[o0, L, 0, 01)[[2, 1]1] == 300 m L]
{{L>180. m}}
Thetubelooks 180m long to the moving particles.

(b) Thelengthof thetargetis equalto onehalf life, t = L/v.

180 m

0.8c
7.5x1077s

Thehalf life is 750nanoseconds.

(c) By symmetryv = 0.8c.By calculation.

180 m
c 7.510"s
0.8

Thetubelookslikeit is moving 0.8cin therestframeof the particles.
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R & H: 2-28 Simultaneous- but to whom?

Q: An experimenterrrangeso triggertwo flashhulbssimultaneouslya blueflashlocatedatthe origin of hisreference
frameandaredflashatx = 30 km. A secondbseneris moving ata speedof 0.25cin the directionof increasingy,
andalsoviews theseflashes(a) Whattime interval betweerthemdoeshefind?

(b) Which flashdoeshe sayoccursfirst?
A: (a) For thefirst obsener, the blueflashstaysatthe origin. Theredflashis boostedo a new locationin spacetime.

(qr¥[0.251, (0.25) y[0.257], 0, 0] .

q[0, 30 10%m ¢, 0, 01) [[1, 1]]
-0. 0000258199 s

Therewill be26 microsecondbetweertheflashes.

(b) Theorigin won't changaundertheboost.Frompart(a) theflashof redlight eventwill bechangedo -26 microsec-
onds.Thereforetheredlight appeardirst to therocketeer

R & H: 2-36 What time is it anyway?

Q: ObsenrersS andS’ standat the origins of their respectie frames,which aremoving relative to eachotherwith a
speeddf 0.6¢. Eachhasa standarctlock, which, asusual,they setto zerowhenthetwo originscoincide.Obsener S
keepsthe S’ clock visually in sight. (a) Whattime will the S’ clock recordwhenthe S clock recordss microseconds?
(b) Whattime will obsener S actuallyreadonthe S’ clock whenhis own clock readss microseconds?

A: (a) We mustdeterminethe propertime for a clock with t = 5 microsecondsandx = v t, by takingthe squareroot
of thefirst termof the eventquaterniorsquared.

(q[5us, 0.6 5us, 0, 0.
q[5us, 0.6 5us, 0, 01) [[1, 111

4. +/us?
The S’ clockwill record4 microsecondsvhentheclockin Sreache$ microseconds.

(b) Theintersectiorof theworldline of therocket, x/c = 0.6t anda lightconepassinghrought = 5 microsecondss =
0 canbesolvedfor t.

Solve [x/C == -t + 5us/. x/C->0.61t,1]
{{t -3.125us}}

TheS’ clockwill readtheinterval of the quaterniorat thisintersection Calculatetheinterval asin part(a).

(q[3.125 us, 0.6 3.125us, 0, 0] .
q[3.125us, 0.6 3.125us, 0, 0]) [[1, 11]

2.5+ us?

At 5 microsecondsheobsenerin frameSwill actuallysee2.5microsecondsntheS’ clock.

Baranger: The cat’slife

Q: A newborncatis put aboarda shipleaving Earthfor Andromedaat speedv = 0.6¢c. Thecatdiesontheshipatage
7 years.(a) How far from the Earthin the Earth’s frameis the shipwhenthe catdies?(b) A radiosignalis sentfrom
the shipwhenthe catdies. Whendoesthis signalgetto the Earthby Earthtime?

(c) Bonus:Whatis the probabilityamplitudethat Schrodingekilled the cat?
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A: (a) Thepropertime of thecat’s life is 7 years.Boostit to the Earths frame.

ql¥[-0.6], -(-0.6) ¥[-0.61, 0, O] .
q[7yr, 0,0,0]. {1, 0, 0, 0}
{8.75yr, 5.25yr, 0, 0}

In the Earth's frame,thecatdied aftertraveling adistancesqualto 5.25years.

(b) It will take 5.25yearsfor thelight to getbackfrom thetime whenthe catdied (8.75years),sothe signalreaches
Earthin

5.25+ 8.75= 14 years.

(c) Schrodingeposedthe questionasajoke. He is definitelystill laughing.

Baranger: A particle’slife
Q: A particlemoving with speeds = 0.99cgoeson theaveragea distancel2.5m beforedecaying.Whatis its proper
lifetime?
A: Takethelifetime of thepatrticlein its own frame,boostit to thelab’s frame.

particle |, =
ql¥[0.99]1, 0.99y[0.991,0,01. q[t, 0, 0, 01;

In thelab,x = 12m. Setthemequal,solve for thelifetime.

Solve [particle |, [[2, 111 == 12 c, t]
{{t 55.69969 x10 °s}}

Thelifetimeis 5.7 ns.

Baranger: Trains & clocks

Q: Thetrainis moving with avelocityv. At theheadof thetrain,theengineecompareerclock C'1 with astationary
clock C1 outsideasshepassedt, andfindsthatbothclocksreadtime zero. At the samemoment(for thetrain frame)
the conductorin the cabooseomparesis clock C'2 (which thereforealsoreadszero)with a stationaryclock C2 he
happengo be passingWhatdoesC2 read?The distancebetweerthe clocksC’'1 andC’2 measuredby peopleon the
trainis L.

A: Theintenval for both setsof clocksis L/C. For the obsener on the ground,setthetime to t, the distanceto vt/c.
Squarehis quaternionsetthefirst termequalto the squareof theinterval, andsolve for t.

Solve [ (q[t, vt/ C, 0, 0]. == L/ C, t]
q[t, vt/C 0, 01)I[I1, 111

({t> ) - )]
—Cz + V2 —Cz + V2
Theclockwill readt = -y L/ c. NotethatMathematicehaserroneouslynjectedafactorof | into the”solution”.

Baranger: Blow up the Earth
Q: Someinhabitantsof the Andromedanetula aretraveling throughthe Milk y Way in a flying saucemwhoseconstant

velocity equals.8c. Goingby the Earth,they find outthatit is A. D. 1996hereandthey synchronizeheir clockswith
ours. In A. D. 2005,mankindblows up the Earth. At whattime, on their clock, do the travellersin theflying saucer
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learnof this event,assuminghatthey have beenwatchingusall alongthroughatelescopeTry a few waysof doing
this problem.

A: Fromtheframeof the Earth,find theintersectiorof theworld line of thesaucerx/c = 0.8t, andthelight conefrom
theexplosionof the Earth,x/c =t + 9yr.

Solve [x/C ==t -9yr /. x/C->0.8t, t]
{{t >45. yr}}

Thesaucemhastravelleda distanced = v t. Calculatetheinterval which will give thesaucers propertime.

(q[45yr, 0.845yr, 0, 0] .
q[45yr, 0.845yr, 0, 01)[[1, 1]]

27. \Jyr?

In 27 yearstime, or 2023,thesaucemill notethe demiseof Earth.

A’: Repeathe calculationfrom the saucerframe.We know theinterval is 9 years.

Solve [(q[t, -0.8t, 0, 0].
qrt, -0.8t, 0, 01)[[1, 11] == (9yr)?, t]
{{t > -15.yr}, {t 515 yr}}

Thepositionwill bex = vt = 12 yearswhichwill take anothertwelve yearsto return,for atotal of 27 years.

Post Ramble: Initialization functions
There are a few tools requiredto solve problemsin specialrelativity using quaternionso characterizeaventsin
spacetimeThe mostbasicarearoundvaluefor c andgamma.

c=310%ms;

¥[B] :=

1
V1 -2

Defineafunctionfor quaternionsisingits matrix representation.
(t -X -y -z

X ot -z y

y z t -X

z -y X t

q[t—! Xo Yo Z_] :=

A quaternionL that transformsa quaternion(L g[x] = q[x’]) identicalto how the Lorentz transformationactson
4-vectors

(Lambdax = x") shouldexist. Theseare describedn detail in the notebook’A differentalgebrafor boosts. For
boostsalongthex axiswith y = z = 0, thegenerafunctionfor L is

Lit., X, B.] :=

1
qumtz - 2¥[BIBt x + ¥[BI X%, -B¥IB] (1% - x?), 0, 0]

Most of the problemshereinvolve muchsimplercasedor L, wheret or x is zero,or t is equalto x.
If t=0,then
LIO, x, B]. {1, 0, 0, 0}
[ 0]
\J1-82 AJ1-p2

If x=0,then
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Lit, 0, B1. {1, 0, 0, O}
1

{\/17—/32”J1/37—/32'0’0}

If t =X, then

Simplify  [L[t, t, B]. {1, 0, 0, 0}]
{ 1-5 o0, o}

A1 - B2

Note: thisis for redshifts.Blueshiftshave a plusinsteadof the minus.

The problemsarefrom "Basic Conceptsn Relatvity” by ResnickandHalliday, (©1992by Macmillian Publishing,
"SpecialRelatvity” by A. P. French,(© 1966,1968by MIT, andProf. M. Barangeiof MIT.
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5 8.033Problem Set3: The Lorentz transformation and addition of veloci-
ties

Lor entz transformations

Baranger: Inverseof a boost

Q: Startfrom the 4 Lorentzequationggiving the variablesT, X, Y, andZ in termsof t, X, y andz, andsolwe these
equationdor t, X, y andz in termsof T, X, Y, andZ. Make suretheresultis whatyou expected.

A: The problemwill be solved for a boosttransformationwithout any angularmomentum(the casefor y andz not
equalto zerojustgetsmessiernotdeeper).

Simplify  [L[t, x, BI.q[t, x, 0,01. {1, 0, 0, 0}]
t-XB X-tp
{ : , 0, 0}
\1-82 AJ1-p2
Lg=0q, soq=L"-1q. L'sinversealwaysexistsandis straightforwardto calculate:the inverseis the transpose
divided by the squareof thenorm.

Simplify  [Transpose [L[T, X, B11/
(LIT, X, BIILIL, 11172 + LIT, X, BI[I[2,11172)1:

Simplify  [%. q[¥[BIT - B¥[BIX, -B¥I[BIT + ¥I[B1X 0, 0].
{1, 0, 0, 0}1
{T, X, 0, 0}

(Theinversewasbig andugly, that's why it washiddenfrom view, but it doeswork! Thethingsthatchangearethe
signof thesecondcomponentindthe normalizatiorfactorwhichis quite bulky).

Baranger: Boostingphotons

Q: In frameS, aflashof light is emittedat the origin andis absorbedn the x axisatx = d. Answerthe following

guestiongrom thepointof view of frameS’, moving in thestandardvay: (a) Whatis thespatialseparatior’ between
the point of emissionandthe point of absorptiorof thelight? (b) How muchtime elapsedetweerthe emissionand
theabsorption?

A: (a) In frameS, the point of absorptioris q[d, d, 0, 0]. Boostthisto frameS’, andlook atthex component.
(¥Rl + B¥IARI) qld, d, 0, 01. {1, 0, O, 0}

| S — 1 _,_B
Vi-g 1-g2) (V1-g2 1-g?

Theseparationisd” = ¥y (1 + B)d, presumingrameS’is moving in the samedirectionasthelight.

, d ,o,o}

(b) Theelapsedime is thefirst componenbf thetransformedjuaterniorfrom above,ort - = ¥y (1 + B)d/ c.

Baranger: The ladder in the barn

Q: (long) Manuelwantsto demonstratéhe Lorentzlengthcontractiorby fitting his 10 m ladderinsidehis 8 m garage.
He tiesthe ladderon top of his stationwagonandaskshis friend Linda to drive the wagoninto the opendoor of the
garage. Linda drivesit at the speedof 0.8c, thanthereforegamma= 5/3, which makesthe ladderonly 6 m long.
Manuelis standingby thedoorand,assoonastherearendof theladderhaspassedhe shutsthedoor. He now hasthe
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entireladderinsidethe 8 m garagejust ashe saidhe would. However, this garagealsohasa backdoorand,sincethe
brakeson the wagonarea little worn out, Manuelhasinstructedhis otherfriend Gwento openthe backdoorat the
preciseinstantthatthe front endof theladderis aboutto hit it. It's OK, saysManuel,becausehe ladderwasactually
insidethe garagewith both doorsshut,for a finite amountof time, andthatis all he wantedto prove. But it turns
out that Gwen’s cat, CloudNine,wassitting all thetime on the ladderon top of thewagon,andCloudNinedisagrees
totally. He says:theladderwasreally 10 m, while thegaragenvasLorentzcontractecandonly 8 m x 3/5= 4.8 m, and
obviouslythattheladderwasnever, nevertotally insidethegarage CloudNinelooksin goodhealth;theladderis still
in onepiece.What's goingon?Whois right?

INSTRUCTIONS: Define4 separatevents. Choosecoordinatesn two frames.Elaboratethe 2 descriptionsof what
happenedManuel’s andCloudNines, giving precisenumbergor all the events.Show thatthesetwo descriptionsare
actuallytotally consistentgiventheknown laws of specialrelativity.

A. Fromtheviewpoint of thebarn,theladderis contractedThisinvolvesboostingthe endof theladder andsubtract-
ing wherethe startof theladderhasmovedto ata simultaneousime.

Ladder o, = q[¥[-0.8], -0.8y[-0.8],0,0].q[0, 10m O, 01;
Ladder o, = qlLadder ,,4[[1, 111, 0.8 Ladder .,4[I1, 111, O, O1;

Ladder length = (Lend = Lstant ) - {1, 0, 0, 0}

{0.m6. mO, 0}
Manuelobsenes(correctly)thattheladderappeardo belengthcontractedo 6 m in his referencdrame.
Repeathis exercisefor the catframelooking at thelengthof thebarn.

Barn .4 = q[¥[0.8], 0.8%[0.8],0,0].q9[0, 8m 0, 0];

Barn

stat = d[Barn g4 [[1, 111, -0.8Barn o4 [[1, 111, 0, 01:

Bamn jgngin = (Bamngpg - Ban g, ) - {1, 0, 0, 0}
{0. m4.8m 0, 0}

Thebarnis only 4.8mlong from the cat’s referencdrame.
Manuelandthe catmake correctstatementsboutlengthcontractionfrom their own referencdrames.

What malkesthis problemconfusingto discusss thatthe doorsof the barnandthe endsof the ladderare spacelile
separatedsothe orderof eventsin time canbereverseddependingn thereferencdrame.

Thereferencesventchoserfor the following spacetimaliagramscreatedn the programSpacetiméy Prof. Edwin
F. Taylor) is Manuelmeetingthe startof theladder The endof the barnandthe endof theladdermustbelocatedon
invarianthyperbolae8 and10 meterslong respectiely. Gwenmustopenthe door somevhereon the barn's 8 meter
hyperbola.Manuel's dreamwill only cometrueif the referencesventandthe two endsarenot separatedy Gwen's
action.Thisis notthecaseasseenin thefigurebelow:
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Earn reference frame Cat's reference frame

2 1-+--a--+--°--+--°—-+--°--+- xh

B o e o

i xio
Ewvent .
0 IManuel meets ladder stait
1 barm end
2 ladder end
3 Manuel's contracted ladder
4
=]

.

TEEAINTE et

Cat's contracted bam
TEAFNTEENT -
Grvren opens the door .2_+_+_+_+ v

B A B e o

¢ order of events v x'le order of events: 0, 2
2 =
=] 1
0,1

! The entive pole is in the barn if and ondy if events 0, 1, and
2 are not zeperated bv event 5, Goren opendng the door,
This iz newer the case.

Gwenalwaysopensthe far barndoor beforeboth endsof the ladderandbarnaretogethemwith Manuelandthe start
of the ladder averting disaster The barnstaysin one pieceandwe have hadfun with moving objectswith spacelile
separations.

R&H: 2-342 flashesat differ ent places- or are they?

Q: An obsener S seesaflashof redlight 1200m from his positionanda flashof bluelight 720m closerto him andon
the samestraightline. He measureshetime interval betweertheoccurrencesf theflashego be 5 microsecondshe
redflashoccurringfirst. (a) Whatis therelative velocity v of asecondobsener S’ who would recordtheseflashesas
occurringat the sameplace?(b) Fromthe point of view of S’, which flashoccursfirst? (c) Whattime betweerthem
would S’ measure?

A: (a) Boostbothredandbluelights by betainto frameS’.
blue = L[5. 10%s, 480 mc, B1. q[5. 106s, 480 nfc, 0, 0];
red = qly[Bl, B¥I[BIl, 0, 01.q[0, 1200 m ¢, O, O1;
Setthedistance®qualto eachother(the seconccomponentsf the boostedquaternionsandsolve.

Solve [blue [[2, 11] -red [[2, 1]1] == O, B]
{{B--0.48}}

Thesecondbsener movestowardthefirst obsereratarelative speedf 0.48c.
(b) Substitutethe valuefor v/c into the boostedime for theevents.

blue [[1, 111/. B-> -0.48
6.57495x 106 s

red [[1, 1]11/. B-> -0. 48
2.18861x10 6s

Theredlight happensdirst for obsenerS'.

(c) Calculatethe differencebetweerthefirst two component®f the quaternions.
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blue [[1, 11] -red [[1, 11]1/. B-> -0.48
4.38634x10 %s

Thetime differences 4.39microseconds.

Additions of velocities

If aquaternioris normalizedo its interval, it becomes:

t2-xZ-y2-72 - aly, ¥Bx, ¥By, ¥B;]

If aquaternionis normalizedo its interval andthefirst termwhichis gammatheresultis a quaterniorcharacterizing
thevelocities:
q
),(IZ _ X2 _y2 _22)
This quaterniorcanbe formedfrom ary quaterniorandboostedaccordingly

= qll, B, B, B,]

For this seriesof problemswe needa moregeneraboostquaternionpnewherey andz arenot zero.

Simplify  [q[¥[BIt - B¥I[BIX, -B¥I[BIt + ¥I[BIX, Yy, z].
Transpose [q[t, X, Yy, z11. {1, 0, O, O}/
2 +X2 +y2 +22)]
{t2+x2—2tx/3+(y2+22)w
(t2+X2+y2+22)W ’
(-t?+x*) B
(t2+X2+y2+22)W’
-t (y+zB—yV1—ﬁ2)+x(z+yB—zV1—/32)
(t2+X2+y2+22)W ’
X(Z/3+y(—1+‘\/1—132))+t (yﬁ+z(—1+\/1-/32))}
(t2+X2+y2+22)W

DefinethefunctionLambdato do the generaboostalongx.

At X, y., z_, B.] :=
1/ (12 +X2 +y2 +22) %

qlyIBIt2 -2B¥[BIt X + ¥[BIX2 +Yy2 +22,
-BYIB]l (2 - X2),

ty -Xxz + y[B] (-t + BX)Y + ¥[B] (-Bt +X) Z,
Xy +1z+yI[B]l (Bt -X)Yy + ¥I[B] (-t + BX) z]

R&H: 2-59Watching the decayof a moving nucleus

Q: A radioactve nucleusmoveswith a uniform velocity of 0.050calongthe x axis of areferencdrame S fixed with
respecto the laboratory It decaysby emitting an electronwhosespeed measuredn a referencéframeS’ moving
with thenucleusjs 0.80c.Consideffirst thecasein whichthe emittedelectrontravels (a) alongthecommonx-x’ axis
and(b) alongthey’ axisandfind, for eachcase|ts velocity asmeasuredn frameS. (c) Supposehowever, thatthe
emittedelectron,viewed now from frameS, travels alongthey axis of thatframewith a speedof 0.80c. Whatis its
velocity asmeasuredn frameS'?
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A: (a) Boostthevelocity quaterniorby -0.05¢,andkeepit asavelocity quaterniorby normalizingit with theresulting
gamma.

A[l, 0.8, 0,0, -0.051. q[1, 0.8, 0, 01. {1, 0, 0, 0}/
(A[1,0.8,0,0, -0.05].q[l, 0.8, 0, 01)[[1, 111
(1., 0.817308, 0., 0. }

Therelative velocity in frameSis 0.817calongthex axis.
(b) Do thatagain,with y = 0.8.

A[1,0, 0.8, 0, -0.05]. q[1, 0, 0.8, 0]. (1,0, 0, 0}/
(A[1,0, 0.8, 0, -0.05]. q[1, O, 0.8, 01) [[1, 111
(1., 0.05, 0. 798999, 0. }

The magnitudeandangleof the velocity vectorcanbe calculated.

V0.052 + 0.7992

0. 800563
0.05 180

0.8005
3.57875

Thevelocity vectoris 0.8005¢3.58to theright of they axis.
(c) Repeathecalculation,switchingthe signof theboost.

A[1,0, 0.8,0, 0.05]. q[l, 0, 0.8, 01. {1, 0, 0, 0}/
(A[1,0, 0.8,0, 0.05].q[l, 0, 0.8, 01)[[1, 111
(1., -0.05, 0.798999, 0. }

A similar quaterniorto b, sothevelocity vectoris 0.80056¢put 3.57to theleft of they axis.

Baranger: Boostingboostedframes.

Q: (a) FrameS’ moveswith respecto frameSwith velocity betalin the +x direction. FrameS” moveswith respecto
frameS’ with velocity beta2alsoin the + x direction.FrameS” moveswith respecto frameS with velocity Beta,also
in the +x direction. Let gammalgamma2andGammabethe 3 Lorentzfactorscorrespondingo these3 velocities,
respectiely. Prove theformula

r=(1+ B1Bo) Y, -

(b) 2 identicalparticlesarehaving ahead-orcollision. In their centerof-massrame,eachhasa Lorentzfactorgamma.
Assumegamma>> 1. Now look atthemin the Labframein which oneof themis atrest,andcall GammatheLorentz
factorof the projectileparticle. Shov thatGammais approximatelyequalto 2 ¥2.

A: (a) Fromthereferencdrameof S’, betalis towardsit (Sois negative) andbeta2is away from S’ (soit is positive).

ql¥[-B11, -B;¥[-B;1,0,0].q[1,0,0 01.{1,0,0,0}

1 Bq
, - ,0,0
(A i 00)
T = Simplify [
L[T[—Bl], -B1¥[-B11, B1.

ql¥[-B11, -By ¥[-B11, 0, 01. {1, 0, 0, 0}1
{ 1+51 Bz *51*/32 0, 0}

Jlfﬁlefﬁg' \/17/3§J17/3§'
The first termis the gammabeing sought. Note that the secondterm divided by the first term givesthe expected
additionof relative velocitiesfor frameS’. Thesignis oppositefor framesS.
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(b) If gamma>> 1, usethe approximatiorfor betaof oneminusepsilon,whereepsilonis a smallnumber Pluginto
theresultsfrom part(a).

Thig = Simplify [T/. {B;-> 1-€, B,-> 1-€}]
2-2e+e€2 2 (-1+€)
{7(—2+e)e'7(—2+e)e'00}

Squaregamma.

Simflify [¥[1 - €]?]

2e-¢?

Substitutebackinto Gammabig.

Thg /- -1/ ((-2 + €)e) - > ¥?

2 Py 2 (-1l+¢€)
{\‘( (2-2e+&%), 50 0 o}

Gammafor the projectileparticleis thefirst termof the above quaternionapproximately2 ¥2.

French: 5-7 2 waysto double a boost

Q: An inertial systemS1 hasa constantvelocity v1 alongthe x axisrelative to aninertial systemS. Inertial system
S2hasa velocity v2 relative to S1. Two successie Lorentztransformationgnableup to go from (t, x, vy, z) to (t1,
x1,y1, z1) andthenfrom (t1, x1, y1, z1) to (t2, X2, y2, z2). Shawv thatthis givesthe sameresultasa singleLorentz
transformatiorfrom (t, x, y, ) to (2, x2, y2, z2) providedwe take the velocity of S1relatveto Sas

vl+v2

V= Tovivaies

A: Boostonce,thenagain.

Simplify  [L[t, X, B;1. ql[t, X, 0, 01. {1, 0, 0, 0}]
t-XpB; X-tfy
, ———=, 0,0
(28 o)
Simplify [
LI¥[B1] (t - ByX), ¥I[Byl (-t By +X), Bol.

ql¥[B]1 (t - ByXx), ¥[By1 (-t By +X), 0, 01. {1, 0, O, 0}1]
{t—X[32+/31(—X+t/32) X -t By+ B (-t +XB5) OO}

Ji-g 1o 12 \1-43

Now boostonceusingthe additionof velocitiesrule.

Simplify  [PowerExpand [
LIt, X, (By + By)/ (L + By By) 1.
qlt, x, 0, 01. {1, 0, 0, 0}11

t -XBy+B (X+13;) X—-1t By +By (-t +XBy) 0 0}
/31‘/32) (B + /32'
Lo Byr) Wby 2 (L B1k2) (16, 627

Thesetwo quaternionsreidentical,asexpected.
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Post Ramble

There are a few tools requiredto solve problemsin specialrelativity using quaterniongo characterizeaventsin
spacetimeThe mostbasicarearoundvaluefor c andgamma.
c=310%ms;
1
V1 -8?
Defineafunctionfor quaternionsisingits matrix representation.

yIB] :=

e A
X t -z 'y
y z 't =x
z -y x t

q[t—! Xo Yo Z_] :=

A quaternionL that transformsa quaternion(L q[x] = q[x’]) identicalto how the Lorentz transformationactson
4-vectors

(Lambdax = x") shouldexist. Theseare describedn detail in the notebook’A differentalgebrafor boosts. For
boostsalongthex axiswith y = z = 0, thegenerafunctionfor L is

L[t., X, B.] :=

1
Tz AIYIAIE? - 2¥[BIBL X + ¥IAI X%,

-B¥[B] (t? - x?), 0, 0]

Most of the problemshereinvolve muchsimplercasedor L, wheret or x is zero,or t is equalto x.
If t=0,then

L[O, x, B]. {1, 0, 0, 0}

[ o0

N1-82 AJ1-p2

If x=0,then

Lit, 0, B1. {1, 0, 0, 0}

! A 0,0

If t =X, then

Simplify  [L[t, t, B]. {1, 0, 0, 0}]
{ 1-F o0 o}

\J1-82

Note: thisis for blueshifts.Redshiftshave a plusinsteadof the minus.

The problemsarefrom "Basic Conceptsn Relatvity” by ResnickandHalliday, ©1992by Macmillian Publishing,
"SpecialRelatvity” by A. P. French,© 1966,1968by MIT, andProf. M. Barangeof MIT.
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6 8.033Problem Set4: The Doppler Effect, 4-Vector Invariants & the Twin
Paradox

The Doppler Effect

French: 5-9

Q: Threeidenticalradiotransmittersh, B, andC eachtransmittingatthefrequeng v, in its own restframearemoving
asshown.

<---AB G-->
(a) Whatis thefrequeng of B’s signalsasrecevedby C?

(b) Whatis the frequeny of A's signhalsasrecevedby C? Thereareat leastthreewaysto solve this question.Seeif
you canfind two.

A: (a) Lettheinverseof thefrequeny bethetimet .. Redshiftit!

Simplify [ (¥[B] + B¥[B1)qlt,, t,, 0,01. {1, 0, 0, 0}]
{(1+/3)t0 (1+B8)t, 0 0}

)
\1-p? RN 3
Thefrequeng is theinverseof thetime componentpr
1-
v = Vo %

(b) We needanotherredshiftof exactly the samesize.

Simplify [ (¥[B] + B¥[B1)2q[to, to, 0, 0]. {1, 0, 0, 0}]
{7to(1+/3) to (1+8) o 0}
-1+5 ' -1+ "7

Thefrequeng it theinverseof thetime componentsov = v, (122’.

(b’) Anotherapproachs to boostthe initial eventwith a speedequalto the two boosts,which by the addition of
velocity formulais shavn below.
28
1+ f32 !
Redshiftwith this velocity andtry to simplify.

BB =

PowerExpand [Cancel [
Simplify [
Expand [
(¥[BB] + BBYI[BBR]) q[to, to, 0, 0]. {1, 0,0, 0}1111
{to (71+522) ’ to <71+522)’ 0, 0}
(-1+R) (-1+R)

A stepaway from the previousresult.

French: 5-10

Q: A pulsedradarsourceis at restat the pointx = 0. A large meteoritemoveswith constantvelocity v toward the
source;it is atthepointx = -d att = 0. A first radarpulseis emittedby the sourceatt = 0, anda seconcbulseatt =

to (to << d/c). Thepulsesarereflectedby the meteoriteandreturnto the source.(a) Draw in spacetimagraph(1) the
source(2) the meteorite (3) the two outgoingpulses(4) thereflectedpulses.(b) Evaluatethetime interval between
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thearrivalsatx = 0 of thetwo reflectedpulses.(c) Evaluatethe time interval betweerthe arrivals asthe meteoriteof
thetwo outgoingpulsesasmeasuredh therestframeof the meteorite.

Answer(b) and(c) first with a well-chosenLorentztransformation.Thenansweragain,this time usingthe Doppler
effectandtheresultsof theabove problem(French5-9).

A: (a) This spacetimeraphof the meteoritewasconstructedn the program”Spacetime™by Prof. Edwin F. Taylor.

(b) Chosethe frameof the Earth. Theworld line of thefirst pulseis
glt, -t, 0,0]. Theworldline of the meteoriteis q[t, v t/c - d,0,0]. Solve for thetime whenthe distancesrethesame.

Solve [
qlt, Bt -d, 0,01[I[2, 11] ==
qrt, -t, 0,01[[2, 111, t]

({1

Thedistanceraveledis the samesoit arrivesbackatthe Earthat
2d
1+8°
Find thetime atwhich the secondbulsearrivesatthe meteorite.The only changeis thedepartureof the pulse.

pulsel pao =

pulse2time .. = Solve [
qlt, Bt -d, 0,01[[2, 1]] ==
q[t, -t +to, 0, 01[[2, 111, t]

{{r--1520

Usethetimeto find pulse2'’s position.

pulse2pos ..o = Bt - L /. pulse2time ..
[-L- M}
1+p
Add thesetogethetto find thereturntime.

d + to B(d +to)
+d -
1+8 1+

pulse2 .. = Simplify [
2d+to-top
1+p3

Examinetheinterval betweerthearrival of thetwo pulsesbackto the Earth.

Simplify  [pulse2 e - pulsel ]
to-tog

1+p
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Theinterval betweerthearrival of thetwo pulsesis shiftedby afactort © = i :g t,.

(c) Choosetherestframeof the meteorite Boostthe emissioneventto this frame.
pUISel source = ql¥I[Bl, B¥IARl, 0, 0]. qlo0, d, 0, 0]:

Add thetime afterbeingboostedogethemwith the positionneededo travel to the meteoriteto getthetime of pulsel
atthe meteorite.

pulsel o = pulsel gy,ce [[1, 111 + pulsel ¢y e [[2, 111
d dg

1-p2 1-p2
Repeathis procesdor pulse2.
pulse2 ., = Simplfy [L[to, d, B]. q[to, d, 0, 011;

pulse2 o = pulse2 gyyee [[1, 111 + pulse2 gyyee [[2, 111
to-dp d-top
+

N1-8% J1-p2

Examinetheinterval betweerthearrival of thetwo pulsesatthe meteorite.

Simplify  [pulse2 o - pulsel 1]
to-top

NEEG
1 -

Theinterval betweerthearrival of thetwo pulsesatthe meteoriteis shiftedby afactort * = /7 ”’; t,.

(b") Fromthereferencdrameof themeteoritethe pulseof light would be blueshiftedrom the source andblueshifted
to therecever. Usetheresultfrom 5-9 (b).

Simplify [ (¥[-B] - B¥[-B1)2qlto, to, 0, 01. {1, 0, 0, 0}]
{7to(71+/3) to (-1+5) o 0}
1+83 ' 1+ T

A iat s _ 1-8
Thetimeinterval betweerpulsesist * = 55t .

(c) As statedabore, the pulseof light from the sourceis blueshifted sousinga modifiedansweifrom 5-9 (a).

Simplify [ (¥[-8] - B¥[-B1)qlto, to, 0, 0. {1, 0, 0, 0}]

{7to(—1+ﬁ) to(1+p) 4 0}
Jimg T 1o
Thetimeinterval betweerpulseat the meteoriteist * = 1;2 t,.

French: 5-11

Q: An astronaumovesradially away from the Earthat a constantacceleratior(asmeasuredn the Earth's reference
frame)of 9.8 m/s"2.How long will it be beforetheredshiftmakestheredglareof the neonsignsof Earthinvisible to
his humaneyesight?

A: Solwvefor thevelocity which redshiftsthe wavelengthof neon
("600nm)to invisible ("700nm).

Solve [
(¥[B] + B¥I[B1) q[600, 600, O, 0] [[2, 111 == 700, RB]

{{s- 3]}
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Thetimerequiredat a constanficcelerations t = v/a.

13¢c 1 min hr day

85 9.8m s260s 60min 24 hr
54. 1883 day

After 54 days,the neonlights becomeinvisible to theastronaut eyes.

French: 5-12

Q: Thereis a spaceshishuttleservicefrom the Earthto Mars. Eachspaceships equippedwith two identicallights,
oneatthefront andoneattherear The spaceshipsormallytravel at a speedvo, relative to the Earth,suchthatthe
headlightof a spaceshimpproachindgzarthappeargreen(500 nm) andthetaillight of a departingspaceshimppears
red (600nm). (a) whatis the valueof vo/c? (b) Onespaceshimccelerateso overtale the spaceshiaheadof it. At
whatspeednustthe overtakingspaceshipravel relative to the Earthsothatthetaillight of the Mars-boundspaceship
aheadof it lookslike a headlight(500nmgreen)?

A: (a) Solwe for the velocity that reversesthe shiftsto the samewavelength(i.e., redshiftthe headlights blueshifted
light to thewavelengthof thetaillight's blueshiftedredshiftedight ; )

Solve [
(¥[B1 + B¥[BI)q[500 nm 500 nm O, 01[[2, 11] ==
(¥[B] - B¥I[R]1) q[600 nm 600 nm O, 0J[[2, 111, B]

1
RERS I
Thespaceshipgravel atvo/c = 1/11.
(b) Solve for thevelocity neededo shift thewavelengthfrom 600to 500 nm.

Solve [
(¥[B] - B¥IB1) q[600 nm 600 nm O, 0J[[2, 111 == 500 nm }]

{{s- &}

Therequiredvelocityis v/c = 11/61.

R & H: 2-68A Doppler shift revealedasa color change

Q: A spaceshijis recedingrom the Earthat a speedof 0.20c. A light ontherearof theshipappeardlue (450nm)to
thepassengersn the ship. Whatcolorwould it appeato anobseneronthe Earth?

A: Redshiftthelight at450nm by 0.20c.

(¥[0.2] + 0.2%[0.2]) q[450 nm 450 nm 0, 0]. {1, 0, O, 0}
(551. 135 nm 551. 135nm 0, 0}

Thelight appearsat551nm, yellow.

R & H: 2-71The Ives-Stillwell experiment

Q: (long) Neutralhydrogenatomsaremoving alongthe axis of anevacuatedubewith a speedof 2.0x 106 m/s. A
spectrometeis arrangedo receve light emittedby theseatomsin the directionof their forward motion. This light,
if emittedfrom restinghydrogenatoms,would have a measuredproper)wavelengthof 486.13nm. (a) Calculate
the expectedwavelengthfor light emittedfrom the forward-moving (approachingatoms,usingthe exactrelativistic
formula. (b) By usinga mirror this samespectrometecan also measurghe wavelengthof light emittedby these
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moving atomsin the directionoppositeto their motion. What wavelengthis expectedunderthis arrangement?c)
Calculatethe differencebetweerthe averageof the two wavelengthsfoundin (a) and (b) andthe unshifted(proper)
wavelength.Find the secondrderdependencen beta.By this technique)vesandsStillwell wereableto distinguish
betweerthe predictionsof the classicalandtherelativistic Dopplerformulas.

A: (a) & (b) Red-andblueshift thelight at486 nm +/- the speedf the moving hydrogen.
By =210%ms/c
1
150

(¥[Byl + By¥[Byl) q[486.133, 486.133, 0, 0]. {1, 0, 0, 0}
(489. 385, 489. 385, 0., 0. )

(¥[B{l - By¥IByl) q[486. 133, 486.133, 0, 0]. {1, 0, O, O}
{482. 903, 482.903, 0., 0.}

Thelight is redshiftedto 489.4nm andblueshiftedto 482.9nm.
(c) We canmeasurdhe averageof thesetwo shiftedwavelengthspr their averagedifference.

(489.385 + 482.903)/2 - 486. 133
0.011

(489. 385 - 482.903)/ 2
3.241

Accordingto classicaltheory if the obsereris fixed,andthe sourcemoves,thereis no secondorderdependencen
beta.

A =2 (1 - B)
If thesourceis fixedbut the obserer moves,then
A= (1-8+p%

Specialrelativity predictsa coeficientof +0.5for the betasquarederm,the onemeasuredh thelab.

R&H: 2-83The headlight effect

Q: A sourceof light, atrestin the S’ frame,emitsuniformly in all directions.The sourceis viewedfrom framesS, the
relative speedparameterelatingthe two framesbeingbeta. (a) Shav thatat high speedsthe forward-pointingcone
into which the sourceemitshalf of its radiationhasa half anglegivenclosely in radianmeasureby

612 = V2(1-8B)

(b) Whatvalueof the half angleis predictedfor the gammaradiationemittedby a beamof enegetic neutralpions,
for which v/ic = 0.993?(c) At whatspeedwould a light sourcehave to move toward an obsenrer to have half of its
radiationconcentratedhto a narrav forward coneof half angle5.0?

A: Thisproblemrequiresaboostquaterniorthatworkswith nonzerovaluesfor t, X, y, andz. Seethelastproblemsetin
theadditionof velocitiessectionfor the derivation of the following boostquaternionpr the notebookon "Alternative
algebrafor boosts”:

ALt X_, Y. z., B.] :=

1/ (12 +X2 +y2 +22) %

qlyIBIt2 -2B¥[BIt X + ¥[BIX2 +YyY2 +22,
-ByI[B] (2 -X2),

ty -Xz + yI[B] (-t + BX)Yy + ¥I[B] (-Bt +X) z,
Xy +tz+ y[B] (Bt -X)Yy + ¥[B] (-t + BX) Z]
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Boosta sphericallysymmetricvelocity quaternion,normalizingto the resultinggammaso the resultingquaternion
still characterizeselocities.

Bsphere = Simplify [
A[l,1,1,1, -B1.9I1, 1, 1, 11. {1, 0, O, 0}/
(ar1,1, 1,1, -p1. 91,1, 1, 1) [[1, 1111
{11 V- “1762}

1+8 " 1+8

Calculatethe angledirectly from theratio of speeds.

60.5 = (Bsphere [[311 + Bsphere [r411)/ Bsphere [[2]1]
24/1-p2
1+8
As betaapproache§, this angleapproaches/2(1 - f3).

(b) Let beta-> 0.993.

Go.s¥/- B-> 0.993

6.79122
The predictedhalf anglefor thegammaraysis 6.79.
(c) Solve for beta,giventheangle.

7T
Solve [eoAs == 5. 180" /3]
{{B~-0.9962}}

A light sourcewould have to travel at 0.9962cto concentratdts radiationin a forward coneof half angleb.

Four-Vector Invariants

Baranger: Decayof a particle - timelik e or spacelike?

Q: In eventl, anunstableparticleis producedn thetargetof anacceleratarin event?2, this particledecayss meters
away. Is theinterval betweerthesetwo eventstimelike or spacelilkk?Why?

A: The speedof the particlemustbe lessthanone,or x/t < 1. If event1 is at the origin andevent 2 hasa spatial
positionof 5m, it musthave atime of 5m + a (a>0). Calculatethe squareof theinterval by squaringhe quaternion.

Simplify [(q[a + 5, 5,0, 0]1.q[a+5, 5 0,0])[I[1, 1111
a (10 +a)

Thesquareof theinterval a"2 + 10ais alwayspositive, sotheinterval is timelike in thefuture.

R&H: 2-42The interval is invariant - checkit out

Q: Two eventsoccuronthex axisof referencéramesS, their spacetimeoordinatedeingeventl= q[5 us,720m,0,0

] andevent2 = [2 us,1200m,0,0]. (a) Whatis the squareof the spacetimenterval for thesetwo events?(b) What

arethe coordinate®of theseeventsin aframeS’ thatmovesat speed).60cin the directionof increasingk? Calculate
thesquareof theintervalin this frameandcomparat to thevaluecalculatedor frameS. (c) Whatarethe coordinates
of theseeventsin a frame S” that movesat a speedof 0.95cin the directionof decreasink? Again calculatethe

squareof the spacetimeénterval andcompardt with thevaluesfoundin (a) and(b). Do your calculationdbearoutthe

invarianceof the spacetimeénterval?
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A: (a) Thesquareof the spacetimeénterval betweeneventsl and? is thefirst term of differencebetweernthe quater
nionssquared.

eventl = q[5. 10%sc, 720m 0, 01;
event2 = q[210%sc, 1200 m 0, 0];

((eventl - event2 ). (eventl - event2 ))[I[1, 111
579600. n?

The squareof theinterval betweerevent1 and2is 5.8x 10°5m™2.
(b) Boostthe quaternionsaindthensquarehem.

elb6 = L[5. 108sc, 720 m 0.6]. eventl ;

e2b6 = L[2. 10°8s¢c, 1200 m 0.6]. event? ;

((elb6 - e2b6) . (elb6 - e2b6))[[1, 111
579600. n?

The squareof theinterval betweerthe boostedeventsis the same.
(c) Repeatheexercisewith a new valuefor beta.
elb95 = L[5. 10%sc, 720 m -0. 957 . eventl ;

e2b95 = L[2. 10°®sc, 1200 m -0.95]. event? ;

((e1b95 - e2b95) . (e1b95 - e2b95))[[1, 111
579600. n?

Again, the squareof the interval betweerthe boostedeventsis the same.Thefirst term of the squareof a quaternion
is identicalto thefirst term of a squareof aboostedquaternion.

R&H: 2-43An event pair - timelik e or spacelike?

Q: Two eventsoccuronthex axisof referencdramesS, their spacetimeoordinatedeingevent1= q[5 us,200m,0,0]
andevent2 = [2 us,1200m,0,0]. (a) Whatis the squareof the spacetiméanterval for thesetwo events?(b) Whatis
the properdistancenterval betweerthem?(c) If two eventspossesa (mathematicallyreal) properdistancanterval,
it shouldbe possibleto find aframeS’ in which theseeventswould be seento occursimultaneouslyFind this frame.
(d) Canyou calculatea (mathematicallyeal) propertime interval for this pair of events?(e) Would you describehis
pair of eventsastimelike? Spacelile? Lightlike?

A: (a) The squareof the spacetiménterval betweeneventsl and?2 is thefirst termof differencebetweerthe quater
nionssquared.

eventl = q[5. 10%sc, 200m 0, 01;
event2 = q[2. 10-sc, 1200 m 0, 0];

((event2 - eventl ). (event2 - eventl ))[[1, 111
-190000. n?

Thesquareof theinterval betweereventl and2is-1.9x 10°5m™2

(b) Theproperdistanceinterval is the squareroot of the negative of this number

V1.9 10° n?

435. 89/n?
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Theproperdistanceds 436 m.
(c) Boostbotheventquaterniondy beta,setthe time componentgqualto eachother andsolve for beta.

Solve [
(L[5. 10%sc, 200m B]. eventl )[I[1, 111 ==
(LT2. 10®sc, 1200 m B]. event2 )[[1, 111, B]
{{B->-0.9}}

In frameS’, the eventswill appearsimultaneoudor v/c = 0.9in thedirectionof decreasing.

(d) & (e) For eventsthatarespacelilke separatedhereis no meaningfulmeasuref propertime.

R&H: 2-44 An event pair - spacelike or timelik e?

Q: Two eventsoccuronthex axisof referencdramesS, their spacetimeoordinatedeingeventl= q[5 us,720m,0,0]
andevent2 = [2 us,1200m,0,0]. (a) Usingthe datafrom problem2-42 above, calculatethe propertime interval for
this pair of events. The propertime interval that you have calculatedshouldbe smallerthanany of the actualtime
intervalsin thethreegivenframesof problem2-42.1sit? (b) If two eventspossessa (mathematicallyeal)propertime
interval, it shouldbe possibleto find aframeS’ in which theseeventswould be seento occuratthe sameplace.Find
this frame. (c) Canyou calculatea (mathematicallyreal) properdistanceinterval for this pair of events?(d) Would
you describethis pair of eventsastimelike? Spacelike? Lightlike?

A: (a) To make this questionmoreof a challenge]et’s definea quaternion’Ltau” which mapsan arbitrarytimelike
guaterniorto its propertime:

Ltau. q[t,x,y,z] = q[tau,0, 0, 0] .
To find Ltau, multiply theabove equationontheright by theinverseof q[t,x,y,z].
Simplify [
a[V@@It, x, v, 21 alt, x, y, zD [T, 111, 0, 0, 0] .
Transpose [q[t, X, Y, z]]1. {1, O, O, 0}/

(2 +X2 +y2 +272 )]

{tvtz_xz_yz_zz thz_xz_yz_zz
t2+X2+y2+Z2 ' t2+X2+y2+Z2

y VIZ-xZ-yZ-2? thz_xz_yz_zz}
t2+x2+y2+22 t2+X2+y2+Z2

Lr [tlg -1 :=

Transpose [tlg ] =

Vg [11, 1117 - tlg [[2, 1117 - tlg [[3, 1117 - tlg [[4, 1117

tig [[1, 1112 + g [[2, 111% « tlg [[3, 111 + tig [[4, 11]1?
L.[q[32.,2.,5, -4.311. q[32, 2, 5, -4.31. {1, 0, 0, 0}
{31.2492, 0., -1.0842x10 *°, 0.}

Worksto within defaultaccurag.
Now onto the question.Map thegivenquaterniorto its propertime interval.
intq = q[2. 10®s, 1200 m ¢, 0, 0] - q [5. 10°®s, 720l c, O, 0] ;

(L Iintg 1 .intg )[[1, 111
2.53772x10°° J;
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Thepropertime is 2.54microsecondsThisis lessthanthe time of 3 microsecondsbsenedin this frame.
Boosttheinterval up 0.6¢,& repeathecycle.
intgb6 =
Lrintg [[1, 111, intg [[2, 1]1], 0.6]. intg ;
(L [intgb6 1. intgb6 ) [[1, 1]]
2.53772x10 © \/§

intgh6 [[1, 111
~4.95x10%s

Theinterval 2.53microsecondss the samejessthat4.95microsecondsbsened.
intgh95 =
Lrintg [[1, 111, intg [[2, 111, -0.95]1. intq ;
(L [intgh95 1. intgb95 )[[1, 111
2.53772x10°° \/E

intgb95 [[1, 1]]
~4.73979x10%s

Theinterval is the sameJessthat4.74microsecondsbsened.
(b) Boostbotheventquaterniondy beta,setthe spacecomponentgqualto eachother andsolve for beta.

Solve [
(L15. 107%s¢c, 720 m B1. qI5. 10%s¢c, 720m 0, 01) [[2, 11] ==
(L12. 107%s¢c, 1200 m B1. q[2. 10°%s¢c, 1200 m 0, 01) [[2, 111, B]
{{B > -0. 533333} }
Theframemustmove a speed).53cin thedirectionof decreasing.

(c) & (d) Theinterval is timelike. It is notmeaningfulto searchfor a properdistancebetweerthesetwo events.

The Twin Paradox

The tortoise & the hare

Q: Thetortoisechallengeshehareto aracein thewoods.Theharelaughshystericallysaying”Surely, M’am, you are
notserious?'But thetortoiseis serious shegetson the courseandstartsrunning(?)right away. Thecourses aclosed
loop beginning andendingat the sametree. While the tortoiseis running, the harecontinuestelling jokeswith his

friends. But whenhe seeghatshehasalmostgottenbackto thefinish, he decideghatit is time to teachheralesson,
andhe dashe®n the courseasquick ashe canto catchup with her. Alas, he miscalculatealightly andhereturnsto

thetreejustbarelybehindher!

QUESTION: Assumingthatthetwo animalswereof the sameagebeforetherace,which oneis olderattheendof it?
Justifyyour answemwith quantitatve arguments!

A: Let the harerun thefractionf of thetortoises propertime t. Calculatethe tortoises squarednterval in termsof
this fraction.

Tort =
(qrft,0,0,0].qrft,0,0,0]+
qr(-f)t, 0,0, 01.q9l0(1-f)t, 0,0, 01)[[1, 11]
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(1-f)?2t2+f2¢t2

In the tortoises referencerame, the hareinitially travels away from the tortoiseat the slow Btort speedfor time t.
Thentheharestartstraveling towardthetortoiseat Bharespeedor atime (1-f) t. Calculateheharessquarednterval.

Thare =
(Qrf t, By f1,0,01.qlft, Bgy ft,0, 0]+
qr(l-f)t, -Bpae f1,0,01.qL(L-F)t, -Bpae f 1,0, 01)I[I
1, 111

f2t024 (1 -ft)2-f2t2 R0, 0 -F212 32

Look atthedifference.

Simplify  [Tpae = Tion ]
f2t2 <Bﬁare + Btzort )

Sincethis termis alwaysnegative, the hareis necessarilyyoungerthanthetortoise.

R&H: B2-2 Einstein and the clock "paradox”

Q: Einstein,in his first paperon the specialtheoryof relativity, wrote the following: "If oneof the two synchronous
clocksatA is movedin a closedcurve with constantvelocity until it returnsto A, thejourney lastingt secondsthen
by the clockthathasremainedatrestthetravelledclock onits arrival at A will betv'2/2¢"2 secondslow.” Provethis
statement(Note: Elsevherein his paperEinsteinindicatedthatthis resultis an approximationyalid only for v <<
c.)

A: Compareheintervalsof thetwo clocks,onethathasmove, the otherthathasremained.

V(qrt, Bt,0,01.qlt, AL, 0,01)[[L, 111 -t
“t +AJt2-t2p2
If beta<< 1, calculatethe seriesexpansion.

Simplify  [PowerExpand [
Series [% {B, 0, 2}111
t 52

+0[8]3

Themoving clockis t v°2/2 ¢"2 slowerthanthe oneatrest.

R&H B2-12: Getting Younger

Q: Canyou think of ary way to usespaceravel to reversethe agingprocessthatis, to getyounger?Couldyou send
your parentut on along spacevoyageandhave thembeyoungerthanyou arewhenthey getback?

A: Thereareactuallytwo questionshere. Startingwith the lastquestionfirst, with a HUGE investmenbf enegy for
theparentstime will appeato runataslowerratethantheclocksbackathome.Theenegy investments thecritical
parameteto determineif the clockswill run at differentenoughratesto have the parentsreturnyoungerthantheir
children.

The secondquestionconcerngreversingthe aging process. The aging processwill appearto procedein the same
manorfor both parentandchild. Why is this not reversable Find the quaterniorthatreversegime.

LTimeRe q[t, X, ¥, z] = q[-t, X, Y, Z]
ComputelL TimeRes by multiplying on theright by theinverseof q[t,x,y,z].
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Simplify  [q[-t, X, VY, z].
Transpose [q[t, X, Yy, z11. {1, 0, 0, 0}/
2 +X2 +y2 +22)]

—t24+x2+y? 422 2t x
{t2+x2+y2+22't2+x2+y2+22’
2ty 2t z
t2+x2+y2+22’t2+x2+y2+22}

Aboardthe spaceshipor onthe Earth,t >>> x, y andz, sothetime reversalquaternionis approximately

LTimeRevBsmall [t_, X_, y_. z.] :=

q[-1, 2x/t, 2ylt, 2z/t]
Testthatthis worksfor someonanoving a meterpersecondn thex direction,0.5m/sin they.

LTimeRevBsmall [1.s, 1. mc, 0.5mc, 0].

qrl.s, 1. nmc, 0.5mc, 0]. {1, O, O, 0}
{-1. s, 3.33333x107°s, 1.66667 x10%s, 0. s}

The proposedquaterniondoesreversetime in the classicalregime. Note thatit is predominantlya scalar almost
g[-1,0,0,0]However, it is not _exactly_ the identity. If we think abouttime reversalfor two nearbyworldlines,they
will not commuteby the smallfactorfoundin the seconahroughfourth terms. This obsenationmayleadto a new
justificationof the secondaw of thermodynamics.

French: 5-20Signalsfrom twins

Q: A andB aretwins. A goesonatrip to Alpha Centauri(4 light-yearsaway) andbackagain.He travelsat speed.6¢
with respecto the Earthboth ways, andtransmitsa radio signalevery 0.01yearin his frame. His twin B similarly
sendsa signalevery 0.01yearsin his own restframe. (a) how mary signalsemittedby A beforeheturnsarounddoes
B receive?(b) How mary signalsdoesA receve beforeheturnsaround?c) Whatis the total numberof signalseach
twin recevesfrom the other?(d) Who is youngerat the endof thetrip, andby how much?Show thatthe twins both
agreeonthisresult.

A: Startout by drawing the signalssentandrecevedfrom B's frameof reference.

Tt Tt
2LH tLIB-L .- . 2 Lifi

Aback . Mdback Lo

B\‘y E ;

Fod ot ::'inut
A X 5 B x

E'z reference frame E's reference frame

Atz zignals zent E's zignals sent

(a) Thesignalsfrom A out areredshiftedandrecevedatB for atime of ...

time pgespour = 24Yyr /0.6 - (4yr /0.6 - 4yr)
10. 6667 yr
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Thesignalsaresentat arateof 100/yearasviewedby the sender This rateis loweredby the redshifting,sothetotal
numberof signalsis thelower ratetimestheamountof time the signalsarereceved.

(¥[0.6] - 0.6y[0.61) q[100/yr, 100/yr, O, O]. {1, O, O, O} tBgetsAout
{533. 333, 533.333, 0, 0}

B receves533redshiftedsignalsfrom A.
(b) Thesignalsfrom B arenot shiftedin B's frame,but arerecevedat A for atime of...

time ageigour = (4yr /0.6 - 4yr)
2. 66667 yr

gq[100/yr, 100/yr, O, O1. {1, O, O, 0} 2. 667 yr
{266.7, 266.7, 0, 0}

A receves266 signalsfrom B during A'strip to Alpha Centauri.
(c) It is easiesto calculatethe numberof signalsrecevedby A sincetheratewith B asareferencdrameis constant.

Ao = 0[100/yr, 100/yr, 0,0]. {1, 0,0, 0}24yr/0.6
{1333. 33, 1333.33, 0, 0}

A recevesatotal of 1333signalsfrom B.
B getsblueshiftedsignalsfor a shorttime. Therateof signalsgoesway up.

time ggerapack = (4yr / 0.6 - 4yr)
2. 66667 yr

(¥[0.6] + 0.6%[0.61) q[100/yr, 100/yr, 0, 0]. {1, 0, 0, 0} 2. 667 yr
(533. 4, 533. 4, 0, 0}

Bow = 2 * 533.3
1066. 6

B recevesatotal of 1066signalsfrom A.

(d) B hassentout 1333signalsbut hasonly receved1066from A, sohehasexperiencednoreticks of theclock. The
differences dueto theinstantaneoushangeof referencdrameexperiencedy A.

PostRamble

There are a few tools requiredto solve problemsin specialrelativity using quaterniongo characterizeaventsin
spacetimeThe mostbasicarea roundvaluefor c andgamma.

c =310%ms;

1
YI[B-1 :=
V1 - g2
Defineafunctionfor quaternionsisingits matrix representation.
(t -X -y -z
o x ot -z y
L N M
kz -y X t }

A quaternionL that transformsa quaternion(L g[x] = q[x’]) identicalto how the Lorentz transformationactson
4-vectors
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(Lambdax = x") shouldexist. Theseare describedn detail in the notebook’A differentalgebrafor boosts. For
boostsalongthex axiswith y = z = 0, thegenerafunctionfor L is

Lit., X, B.] :=

1
ﬂqmmtz - 2¥[BIBt x + ¥[BI X%, -B¥IB] (t%2 - x?), 0, 0]

Most of the problemshereinvolve muchsimplercasedor L, wheret or x is zero,or t is equalto x.
If t=0,then

L0, x, B1. {1, 0, 0, O}
{ 1 B 0, 0}

x/l-/azl 1-/32’

If x =0, then

L[t, O, B]1. {1, 0, O, O}

! F 0,0

If t =X, then

Simplify  [L[t, t, B]. {1, 0, 0, 0}]
{ 1 F oo 0}

NG

Note: thisis for blueshifts.Redshiftshave a plusinsteadof the minus.

The problemsarefrom "Basic Conceptdn Relatvity” by ResnickandHalliday, ©1992by Macmillian Publishing,
"SpecialRelatvity” by A. P. French,(© 1966,1968by MIT, andProf. M. Barangeiof MIT.
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7 8.033Problem Set5: Energy, momentum, and mass

French: 6-3

Q: A particleof restmassm andkinetic enegy 2 m c"2 strikesandsticksto a stationaryparticle of restmass2 m.
FindtherestmassM of the compositeparticle.

A: Calculatethe squareof the massof the systemby squaringthe quaterniorandlooking atthefirst term.

1

2 \
q[(l. m+2m +2m 4/(%) -11m o, O]J[[l, 111

17. nf

( 312
tq[(l.m+2m) +2m (7) —11m0,0]-

Themassof the compositeparticleis 417 m

French: 6-4

Q: (a) A photonof enegy E collideswith a stationaryparticleof restmassmo andis absorbedWhatis the velocity
of the resultingcompositeparticle? (b) A particleof restmassmo moving at a speedof 4/5c collideswith a similar
particleatrestandformsa compositeparticle. Whatis therestmassof the compositeparticleandwhatis its speed?

A: (a) Thespeedcanbe calculatedrom theratio of the momentunto the enegy. Definethe beforeandafter quater
nions,settheseratiosequalto eachotherandsolve.

beforeq = q[mC? + e,, e,, 0, 01;

afterq = q[yMC?, yBMC, 0, 01;
beforeq [[2, 111 afterqg [[2, 111 /3]

Solve beforeq [[1, 111 =s afterq [[1, 111’

{{e- gmel)

Thevelocity of thecompositeparticleis 8 = -

(b) Theproblemis the same pnly the numbershave beenchangedo protectthewriter.

beforeq = q[m+ 5/3m 4/3m 0, 01;
beforeq [[2, 111 afterqg [[2, 111

Solve beforeq [[1, 111 == afterq [[1, 111’

{{z> 31}

Becausanasss consered,the massof the compositeequalsthe massof the systembeforethe collision.

d

A/ (beforeq . beforeq ) [[1, 1]]
4n?
\/3

The compositdravelsat 0.5cwith amassof % m
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The projectile
Q: A projectileof restmassM1, enegy E1,andmomentunpl, is directedat a stationarytargetof massm2. Find a
simpleexpressiorfor the velocity of the centerof massframe.
A: Definethe beforeandafterquaternionga boostto the centerof massframe- notacollision!).

beforeq = q[y; ml+ m2 vy BymL 0, 01;

afterq = q[Myy O, 0, 01;
We needto find a boostthatwill transformbetweenthe two. The boostquaternionis simplefor the centerof mass
framewherex=y=z=0.

afterq  poosted = 90%m ~¥emBemr 0, 01 . afterqg

Theratio of the seconccomponento thefirst oneis p/E or v/c, exactly whatwe arelooking for.

afterq  poosted [[2, 111 beforeq [[2, 11]
Solve [aﬂerq poosted L[ [1, 111 "7 beforeq [[1, 111’ ch]

i
{{Bon- - mres ]

Thevelocity of the centerof massframeis 8, =

-Bym
m+ym

French: 6-11

Q: The neutralpi mesondecaysnto two gammarays(andnothingelse).If the pion (whoserestmassis 135MeV) is
moving with akineticenegy of 1 GeV: (a) Whatarethe enegiesof thegammaraysif thedecayprocescauseshem
to be emittedin oppositedirectionsalongthe pion’s original line of motion? (b) What angleis formedbetweerthe
two gammaraysif they areemittedat equalanglesto thedirectionof the pion’s motion?

A: (a) Definethe beforeandafterquaternions.

1135.
135.

2
beforeq = q[1135. MeV, ( ) - 1135 MeV, 0, o],-

afterq = q[El1 + E2, E1 - E2, O, O0];
Solve for E2 usingenegy consenration,thenE1 usingmomentunmconsenation.

Solve [beforeq [[2, 111 - afterq [[2, 1]1] == O/.
(Solve [beforeq [[1, 111 - afterq [[1, 1]1] == O, E2]1)[[1, 111, E1]
{{E1 - 1130. 97 MeV}}

Onegammais 1131MeV, theotheris 4 MeV.
(b) TheafterquaterniorhasbeenchangedSolwvefirst for theenegy, thentheangle.

afterq = ql2ey, , 2e, Cosle],
€rpy Sin [6] +
€ray Sin [6 + w1, 01;
Solve [beforeq [[2, 11] - afterg [[2, 1]] == O/.
(Solve [beforeq [[1, 111 - afterq [[1, 1]] == O, €ray 1) [[1, 111, e]
{{6>-0.119225}, {6-0.119225}}
Thetais the half anglein radians.

0.1192 2 180
b
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13. 6593

Thereis 13.6betweerthetwo gammarays.

French: 6-14

Q: Shaw thatthe following processesire dynamicallyimpossible:(a) A single photonstrikesa stationaryelectron
andgivesup all its enegy to the electron. (b) A singlephotonin emptyspaceis transformednto an electronanda
positron.(c) A fastpositronanda stationaryelectronannihilate producingonly onephoton.

A: (a) By inspectionmomentumis conseredonly if E = 0.
beforeq = qle, + m C?, e,, 0, 01;
afterq = q[MC?, 0, 0, 01;

Solve [beforeq [[2, 1]] - afterq [[2, 1]] == 0, e,]
{{e;, - 0}}

A photonwith no momenturris no photonatall.
(b) Thesquareof the massof the photonis zero. Examinethe samefor the electronandpositron.

afterq = q[Cosh[6,] m+ Cosh[6g] M
Sinh [6,1 m - Sinh [6g1 M
0, 01:

Simplify [ (afterg . afterq )[[1, 1111
2 (1+Cosh[e, +6a]) Nt

Themassn neverlessthan2 m, sothis transitionviolatesconserationof mass.
(c) Themassof the photonis zero.Find outthe massof the electronandpositron..
beforeq = q[Cosh[6g] m+ m Sinh [65]1 m O, 0];

Simplify [ (beforeq . beforeq ) [[1, 1111
2nf (1+Cosh[6g])

Thereis no choiceof thetathat makesthe masszero, so the transformationis not possiblewithout a violation of
conserationof mass.

French: 7-1

Q: A K mesontraveling throughthe laboratorybreaksup into two pi mesons.One of the pi mesonss left at rest.
Whatwasthe enegy of the K? Whatis the enegy of the remainingpi meson?(Restmassof K meson= 494 MeV;,
restmassof pi meson~137MeV).

A: Definethe quaterniongor the beforeandafterstates.
beforeq = [ 494 MeV, V%2 - 1494 MeV, 0, 0]:

afterq = q[x, 137 MeV+ 137 MeV, \/%,? - 1137 MeV, 0, 0]

Solve [(afterq . afterq )[[1, 111 == (494. MeW)2, v,]
{{v, >5.50104})

Thekineticenegy will beE - M = gammaM - M.
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(5.501 - 1) 137 MeV
616. 637 MeV

Thepionhas616.6MeV of kinetic enegy.
Usethefactthatenepgy is conseredto calculatethekinetic enegy of the K meson.

(afterq [[1, 111/. ¥, -> 5.501) - 494 MeV
396. 637 eV

TheK mesorhas396.6MeV of kinetic enegy.

Baranger: Protonsto K’s

Q: Considettheannihilationof anantiprotonwith a proton,both particlesbeingatrest,accordingo thereaction
p+p= K + (K)O

massp = 940MeV/c"2, massK = 500MeV/c"2. (a) Find thekinetic enegiesandmomenteof thecreatedK particles.
(b) If theproperlifetime of theK’sis 10" — 10 s, find their actuallifetime in thelab frameandthedistancethey travel.

A: (a) Themassof the systemis 1880MeV. After the creationof the K’s, the total momenturis still zero.
beforeq = q[1880 MeV, 0, 0, 071;
afterq = q[2y¥500. MeV, ¥y 3500 MeV - ¥ B500 MeV, 0, 0];

Solve [beforeq [[1, 111 - afterg [[1, 1]] == 0, ¥]
{{y~>1.88}}

KEo = (1.88 - 1) 500 MeV

440. MV
Po = V1.882 - 1500 MeV
795. 99 MeV

EachK has440MeV of kinetic enegy anda momentunmof 796 Mev.
(b)t' = gammat andd’ = betact’. Simplestuf.

tip = 1.88 10710
1.88x10°0s

1.882 - 1
diap = WCtlab
0. 0477594 m

In 0.188nanosecondsheK’stravel 4.77cm.

Baranger: Photon collision

Q: A photonof enegy E = 600 MeV, traveling in the +x direction, hits a stationaryparticle of restenegy M ¢"2 =
1000MeV. After thecollision, thesetwo particlesarereplacedy two new particlesof massesnlandm2respectiely.
Thetotal enegy (including restenegy) of particlel is E1 = 700 MeV andits momentunis p1x = 400MeV, ply =
300 MeV. (a) Draw a "before andafter” picture. (b) Find the enegy andthe momentumof particle2. (c) Find the
massesnlandm?2.

A: (b) Lots of datais givento definethe quaternions.
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beforeq = q[600. MeV, 600 MeV, 0, 0] + q[1000 MeV, O, O, O]:

particlel = q[700. MeV, 400 MeV, 300 MeV, 0] ;
particle2 = dley, Py, Pyy. 01
afterq = particlel + particle  ;

46

Becausenegy andmassareconsered,we know by inspectiorthatfor particle2, E2 = 900MeV, p2x ¢ = 200MeV,

p2yc = -300MeV.

(particle2 = beforeq - particlel ). {1, 0, O, 0}
{900. MeV, 200 MeV, -300 MV, 0}

(c) Calculatethe massedby squaringthe quaternions.

A/ (particlel . particlel ) [[1, 1]1]
489. 898 \/ MeV?

A/ (particle2 . particle2 ) [[1, 111
824. 621/ MeV?

Themassesreml = 490MeV andm?2 = 825 Mev.

Baranger: Multiplying 4 vectors

Q: Lettheenegy-momentunl-vectorbe

P = (e po)
Let the4-velocity bethe4-vector

ﬁ:x(l, v/ c)

Prove (carefully, rigorously!) that, if a particleof 4 momentunp is obsenedby anobsener of 4-velocity u, thenthe

enegy of the particlein theframeof theobsenreris

-

P.U=p u -p.u

HINT: Choosespecial convenientcoordinateaxesfor the spacecomponentgandsaywhattheseaxesare).

A: Chooseo definethevelocity vectorin termsof the momentumvectors.Definethe two quaternions.

Ps = ale;, Py, pyr p;1:

( b \
u, = . (1,0, 0, 0}
VP2 P [IL, 11T e
{ 1 Px
et -p? -p; -p? e Ae? -pZ-pZ-p?
Py Pz }

e, /62 -p2 -p2-p? e +/e? -pZ-p?-p?
Calculatetheir product,looking at thefirst termwhich hasunits of enegy.

(Py - Uy [I1, 111
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€ _ Ps
\Jef -pi-pj-p: e ~Jef -pi-p]-pl
P P

e, \Je? -p2-pZ-p2 e ~fe? -pZ-p?-p?
Theresultcanbewrittenasp, u, - p. u.
Thereis aneveneasiemway to expresshis product.

Simplify  [94
ef - pf -pg - p?
€

Thisis M/E or 1/gammaThis resultwasdueto the unusuakhoiceof the velocity vector Look atthe otherterms.

Simplify [ (pg . ug) [[2, 1111
2 py

ef -pi -pj - p?
Theentirequaterniorproductis

PU=1/y+2yB! +2yBJ + 2¥B,K

Baranger: An inelastic collision

Q: Considetthefollowing inelasticcollision:

Before After

— o E =1000 Me¥
. » . MeVie"2

m= 1100 MeVic"2
m=7 m= 240 Me¥Vic"2

K =200 Me¥

Find the massof theincomingprojectile.

A: Determinethegammadrom the kinetic enegy andmassegjiven.
140. MeV + 1000 MeV

Yis0 = 140 MeV
8. 14286

_1100. MeV + 200 MeV
Y00 = 1100 MeV
1.18182

We cancalculatethe py momentunfor themZ140particle.
DY 140 = A (Y2 - 1) Sin [30 %] 140 MeV
565. 685 MeV

The py momentuntor them1100mustbe equalandoppositewhich allows a calculationof theangle.

ArcSin [ PY 140 180

A[¥1002 - 11100 Mev' 7
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54. 7356

Calculatethe amountof momentunin thex direction.

- 2 _ il
PX10 = | (vi40? - 1) Cos [30 180] 140 MeV

979. 796 eV

- 2 _ AN
PX1100 = \ (¥11002 - 1) COS [54. 736 1so] 1100 MeV

399. 996 MeV

PXiot = PX140 *+ PX1100
1379. 79 eV

All of thismomenturmis from theincomingprojectile.
Calculatethetotal enegy afterminusm940to getthe enegy of theincomingprojectile.

140 MeV + 1000 MeV + 1100 MeV + 200 MeV - 940 MeV
1500 MeV

Calculatethe massof incomingprojectilethe usualway by looking at the first termof the squareroot of the squared
guaternion.

(q[1500 MeV, px.; , 0, O1.
q[1500 MeV, px., , 0, 01)[[1, 111
588. 365 / MeV?

Themassof theincomingprojectileis 588 MeV.

Post Ramble

Thereare a few tools requiredto solve problemsin specialrelativity using quaternionso characterizeaventsin
spacetimeThe mostbasicarearoundvaluefor c andgamma.
c =310%ms;
1
V1 - p?

Defineafunctionfor quaterniongisingits matrix representation.

YI[B-1 :=

t -x -y -z

X t -z y |
y z 't =x
z

(
qlt- x., y, z.] := L
-y x t

A quaternionL that transformsa quaternion(L q[x] = q[x’]) identicalto how the Lorentztransformationactson
4-vectors

(Lambdax = x’) shouldexist. Thesearedescribedn detailin the notebook’A differentalgebrafor boosts. For
boostsalongthex axiswith y = z = 0, thegenerafunctionfor L is

LIt., x. B :=

1
WQ[Y[BHZ - 2¥[BIBt x + ¥[BI X%, -B¥IB] (t%2 - x%), 0, 0]

Most of the problemshereinvolve muchsimplercasedor L, wheret or x is zero,or t is equalto x.
If t=0,then

L[O, x, B]. {1, O, O, O}
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= =
Jiog 1o

If x =0,then

0, 0}

Lit, 0, B1. {1, 0, 0, 0}

If t =X, then

Simplify  [L[t, t, B]. {1, 0, 0, 0}]
{ 1-8 g0 o}
\J1-82

Note: thisis for redshifts.Blueshiftshave a plusinsteadof the minus.

The problemsarefrom "Basic Conceptsn Relatvity” by ResnickandHalliday, ©1992by Macmillian Publishing,
"SpecialRelatvity” by A. P. French,(© 1966,1968by MIT, andProf. M. Barangeiof MIT.
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8 8.033Problem Set6: The Compton effect and thr eshold collision prob-
lems

French: 6-16 The Compton effect

Q: The usualtheory of the Comptoneffect considersa stationaryfree electronbeing struck by a photon,resulting
in a scatteregphotonof lower enegy. Supposehata photon(of enegy E) hasa head-oncollision with a _moving-
electron(of restmassmo) What initial velocity doesthe electronhave if the collision resultsin a photonrecoiling
straightbackwardwith the sameenegy E astheincidentphoton?

A: Therearethe samenumberof particlesbeforeand after, traveling in oppositedirectionswith the sameenepy.
Definethe beforeandafterquaternions.

beforeq = qle, + ¥[B1m C, e, - By[-B1m C, 0, 01;
afterq = qle, + ¥[BIm C?, -e, + By[BIm C, 0, 01;
Consere momentumandsolve for the speed.

Simplify  [Solve [
beforeq [[2, 11] - afterq [[2, 1]] == 0, B]]

{{oo s} {6 =)
\Je2+C'ng \Je2 +C'ng
Theinitial velocity of theelectronis 8 = ﬁ

French: 6-17

Q: A streamof very high enegy photons(>> 10 MeV) is fired at a block of matter Shaw thatthe enegy E of the
photonsscatteredlirectly backwardis essentiallyindependenof theenegy of theincidentphotons Whatis thevalue
of E backward?

A: Definetherelevantquaternions.

beforeq = ql€ward *+ M €forward » 0> 017

afterq = ql€paek + YIBI MC?, -ep. + B¥IBIMC?, 0, 01;
Solve for theenegy forwardusingenegy conseration.

Simplify  [Solve [
beforeq [[1, 111 - afterqg [[1, 11] == 0, €qarq 1]

{{efor\l\ardﬁczm \/11—[52 +eback}}

Solve for the enegy backusingmomentunconserationandthe previousresult.

-1+

Simplify  [Solve [
beforeq [[2, 11] - afterq [[2, 1]] == 0/.
W [111, epa 11

. %sz(71+/3+\/17—/32)
H back 2\/1_—/32 }}

As betaapproachesne,the value of E backward approached/2 mc™2. The photonsare mostlikely to collide with
electronf mass511MeV, soE backwardis approximatel\255MeV.
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French: 6-18

Q: (a) A photonof enegy hv collideselasticallywith anelectronatrest. After thecollisionthe enegy of thephotonis
hv/2,andit travelsin adirectionmakinganangleof 60 with its original direction. Whatis thevalueof thefrequeng?
What sort of photonis it? (b) A photonof enegy hv collideswith an excited atomat rest. After the collision the
photonstill hasenepy hy, but its directionhaschangeddy 180. If the atomis in its groundstateafterthe collision,
whatwasits initial excitationenegy?

A: (a) Definethe beforeandafterquaternions.
beforeq = q[hv + mC?, hv, 0, 0];

afterq = q[hv/ 2 + Cosh[a]l mC%, hv/ 4+ Cos[e] Sinh [a] mCZ,
V3hvi/ 4 +

Sin [e1 Sinh [a] mC?, 0];

By consenrationof enegy andmomentumthebeforegminusthe aftergshouldbe zero.

(consq = beforeq - afterq ). {1, 0, O, 0}
{% +C?*m-C?* mCosh[a], SThv -C’mCos[e] Sinh [al,

A3 hy

4

- msSin [6] Sinh [a], 0}

Thereare3 equationgeachtermis equalto zero)andthreeunknowvns (hv, alpha,andtheta). Eliminatethetausinga
trig identity, theneliminatealphausinga hyperbolictrig identity. (It'snoteasybut it doeswork).

elim 6 =

(Cos[e] /. Solve [consq [[2, 1]1] == O, Cos[e] 1) [1111% +
(Sin [6] /. Solve [consq [[3, 1]] == 0, Sin [6] 1) [[1112

3hv2 Cscha]?

4CHnt

elim a =
(Cosh[a]l/. Solve [consq [[1, 111 == 0, Cosh[a] 1) [r111? -
(Sinh [al/. Solve [1/elim 6 == 1, Sinh [a] 1) [[1]1?
3hv2  (<hv-2Cm)?

4T acd?

Thisidentity equalsl, soit canbesolvedfor hv.

Solve [elim a == 1, hv]
{{hv-0}, (hv>2Cm)

Findthefrequeng by puttingin theappropriateconstants.

29.11073 kg c?

6.62 1034 kg nt/ s
2. 47432 x 102

S

Thefrequeng of the photonis 2.510°20s™-1,agammearay.

(b) Definethe beforeandafterquaternions.
beforeq = q[hv + nt C?, hv, 0, 01;
afterq = qrhv + ¥[81 mC?, -hv + By[B]I mC?, 0, 01;

Solve for betain termsof the groundstateusingmomentunconseration.
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Solve [beforeq [[2, 1]] - afterg 2[LZ 111 == 0, B]
v

4
Hﬁﬁ‘m}' {B% m}}
Solve for the excited stateusingenepgy conseration.

Solve [beforeq [[1, 1]1] - afterg [[1, 1]] == O/. %{[11]1, nT]

{frr » ——}}

¢t
m, c? = m*c? - mc? =
Theexcitationenegy will be ( 2
me?| (25) 1 - 1
French: 6-19

Q: A high-enegy photonstrikesandis scatteredy a protonthatis initially stationaryandcompletelyfreeto recoil.
Theprotonis obsenedtorecoilata30anglewith akineticenegy of 100MeV. (a) Whatwastheenegy of theincident
photon?(b) Whatarethedirectionandenengy of the scatteregphoton?

A: (a) Definethe beforeandafterquaternions.
beforeq = q[e, + 100 MeV + 938 Me\, e, + 100MeV, O, 01;

afterq = q[eA + 1039 MeV,

2
1038 MeV! n
e, Cos[e] + \/(m) - 1Cos [30 M] 938 MeV,

1038 MeV) 2

e, Sin [e] + (m

- 1Sin [30 ﬁ] 938 MeV, 0];

By consenrationof enegy andmomentumthe beforegminusthe aftergshouldbe zero.
(consq = beforeq - afterq ). {1, 0, O, 0}

{-Me\, -284.968 MeV+e, - Cos[e] e,,
-222. 261 MeV- Sin [e] e,, 0}

Thereare 2 equationgeachtermis equalto zero)and 2 unknowvns (E andtheta). Eliminate the angleusinga trig
identity.

elim 6 =
(Cos[e] /. Solve [consq [[2, 1]1] == O, Cos[e] 1) [1111% +
(Sin [6] /. Solve [consq [[3, 1]] == 0, Sin [6] 1) [11112
49400. MeV? .1 (-284.968MeV+ e,?

2 2
es es

Thisidentity equalsl, soit canbesolvedfor hv.

Solve [elim e == 1, e,]
{{e, »229.16 MV} }

Theincidentphotonis E + 100MeV, or 329MeV.
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(b) Theenengy of the scatteregpphotonwascalculatedabove at 229 MeV. The momentumn the conserationquater
nion canbesolvedfor theta.

Solve [consq [[2, 1]] == 0/. e,- >229 MeV, 6]
{{6-5-1.8177}, {6-1.8177}}

1.8177 180
b
104. 147

Thephotonscattersat anangleof 104.

French: 7-2

Q: An electron-positromair canbe producedby a gammearay striking a stationaryelectron:
Y+€e -s>e +e’t+e’
Whatis the minimumgammaray enegy thatwill make this procesgo?
A: Definethe beforeandafterquaternions.
beforeq = qle,, e,, 0, 0] + q[m, 0, 0, 0];
afterq =q[3m, 0,0, 0];

Setthe squareof the massegqualto eachotherandsolve for E.

Solve [

(beforeq . beforeq )[I[1, 117 -

(afterq . afterq )[I[1, 111 == O, e,]
{{e,»4m}}

%/ . m, - > 511 MeV
{{e, > 2044 MV} )

Theminimumenegy of thegammaray is 2044MeV.

Baranger: ThresholdKE

Q: Whatis thethresholdckinetic enepy, in the Lab systemfor thereaction:
P+rP->pPpP+pP+mT+w
The protonshave massM, the pionshave massm. Setc = 1.

A: K = E- M. gamma= E/M = KIM + 1. Theserelationscanbe usedto definethe beforeandafterquaternions.

2
beforeq =q[2M+K, (§+1) 1M o,o];

afterq =q[2M+2m O, 0, 0];
Setthemassegqualto eachotherandsolve for K.

Solve [
(beforeq . beforeq ) I[I[1, 1]1] -
(afterq . afterqg )I[[1, 11] == 0, K]
2 (nt+2mM)
o=

Theminimumkineticenegy requiredis K = (2m"2+ 4m M)/M.
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French: 7-3

Q: Supposehata certainacceleratocangive protonsa kinetic enegy of 200 GeV. The restmassmo of a protonis
0.938GeV. CalculatethelargestpossiblerestmassMo of a particleX thatcouldbe producedy theimpactof oneof
thesehigh-enegy protonson a stationaryprotonin thefollowing process:

p+p-op+p+X
A: K = E- M. gamma= E/M = K/M + 1. Theserelationscanbe usedto definethe beforeandafterquaternions.

beforeq = q[z 0. 938 GeV + 200 GeV,

2
200
\/(0. 55 * 1) - 10.938 GeV, 0, o];

afterq = q[2 0.938 GeV+ X, 0, 0, 01;

Setthe squareof the massegqualto eachotherandsolve for X.

Solve [
(beforeq . beforeq )I[[1, 1]1] -
(afterq . afterq )[[1, 111 == 0, X]

({X> -21.3367 GeV}, {X- 17.5847 GeV})

Thelargestpossiblerestmassis 17.6GeV for this acceleratar

Baranger: Another threshold

Considerthereaction:
Pp+rmw->m+pP+w

The target protonis at rest. The restmassof the protonis 940 MeV andthe pion is 140 MeV. (a) Calculatethe
thresholdkinetic enepgy of theincidentpion for this reaction.(b) At thresholdcalculatethe velocitiesandmomenta
of thefinal-stateprotonandthe pionsin thelab system.

A: (a) Definethe beforeandafterquaternions.

beforeq = q[940. MeV + (140 MeV + K),

2
K
\/(140Me\/+ 1) - 1140 MeV, 0, o],-

afterq = q[2 140 MeV + 940 MeV, 0O, O, 0];

Setthe squareof the massegqualto eachotherandsolwe for K.

Solve [
(beforeq . beforeq ) I[I[1, 1]1] -
(afterq . afterqg )[[1, 1]1] == 0, K]

{{K>171.277 MeV})
Thethresholdkinetic enegy of the pionis 171 MeV.

(b) In the centerof-massframe, all threeparticlesare at rest. In the Lab frame, all threeparticleshave the same
velocity, but differentmomenta Calculatethe enegy before.

beforeE = 940 MeV + 140 MeV + 171 MeV
1251 MeV
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The gammaafteris this enegy dividedby themass.

1251. MeV
2 140 MeV + 940 MeV
1. 02541

Knowing gammahothvelocity andmomentacanbe calculated.

[1.02542 -1
1. 02542
0.221197

Ppion = V1.02542 - 1140 MeV

31. 7541 eV

Pproton = V1.02542 - 1940 MeV

213. 206 eV

The particleshave arelatiistic velocity of 0.22,the pionshave amomenturmpc = 31.7MeV, andthe protonshave a
momentunof pc= 213MeV.

French: 7-6

Q: Thekinetic enegy K of a systemin thelab frameis relatedto the kinetic enegy K* in the centerof massframe
in the nonrelatvistic caseby the expressiork = K* + MV"2/2, whereM is the total massof the systemandV is the
velocity of the centerof mass.Whatis the analogousxpressiorfor the relatiistic case?Shaw thatit reducego the
aboveresultif all speedaremuchlessthanc.

A: Boostthequaterniorfor thecenterof-massrameto thelab, whereMo is thesumof therestmassesf theparticles
in the system.

Qb =d¥[-B1, -B¥[-B1, 0, 01. q[M,c® +Kgy 0, 0, 01;
Enegy is consered,soe;,, = K;,, + ,\,ch_

Solve [y [[1, 111 == Ky + MC, Ky ]
Kau+ G M,
Kb -C M+ M ==
Thekineticenepy in thelabframeis K;,, = ¥ (Kgy, + M, €2) - M, c2.
Look atthenonrelatvistic limit.

Series [¥[B] (Kew+ M, C?) - M, G2, {B, 0, 2}]
1
K+ 5 (Kau+ C M) 6% + O[5]°

Notethat(K + Mo ¢"2) is the total massof the system.In the nonrelatvistic limit, the lab kinetic enegy equalsthe
kinetic enegy within thecenterof massrameplusthekineticenegy of all theindividualmasse#n the centerof mass
frame.



Postramble: Initialization functions

Thereare a few tools requiredto solve problemsin specialrelativity using quaterniongo characterizeaventsin
spacetimeThe mostbasicarearoundvaluefor c andgamma.
c=310%ms;
_
V1 -8?
Defineafunctionfor quaternionsisingits matrix representation.

yIB] :=

e A
X t -z 'y
y z 't =x
z -y x t

q[t—! Xo Yo Z_] :=

A quaternionL that transformsa quaternion(L q[x] = q[x’]) identicalto how the Lorentz transformationactson
4-vectors

(Lambdax = x") shouldexist. Theseare describedn detail in the notebook’A differentalgebrafor boosts. For
boostsalongthex axiswith y = z = 0, thegenerafunctionfor L is

L[t., X, B.] :=

1
qursltz - 2y[B1Bt x + ¥[B1 X%, -B¥IB] (t2 - x?), 0, 0]

Most of the problemshereinvolve muchsimplercasedor L, wheret or x is zero,or t is equalto x.
If t=0,then

L[O, x, B]. {1, 0, O, 0}

1 B
T 7=
If x=0,then

L[t, O, B]. {1, O, O, O}

! k 0,0

If t =X, then

Simplify  [L[t, t, B]. {1, 0, 0, 0}]
{ 1-F o o0 o}

NEEG

Note: thisis for blueshifts.Redshiftshave a plusinsteadof the minus.

The problemsarefrom "Basic Conceptdn Relatvity” by ResnickandHalliday, ©1992by Macmillian Publishing,
"SpecialRelatvity” by A. P. French,© 1966,1968by MIT, andProf. M. Barangeof MIT.
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