1 A Completelnner Product Spacewith Dirac’s Bracket Notation

A mathematicatonnectionbetweenthe braclet notationof quantummechanicsand quaterniongs detailed. It will
be aguedthat quaternionshave the propertiesof a completeinnerproductspace(a Banachspacefor the field of
guaternions)A centralissueis the definition of the squareof the norm. In quantummechanics:

lell? =<eole>
In this notebookthefollowing assertiorwill beexamined(* is the conjugate sothevectorflips signs):
) (R () (0%

Theinnerproductof two quaternionss definedhereasthe transposéor conjugate)of thefirst quaterniormultiplied
by thesecond.Theinnerproductof afunctionwith itself is thenorm.

The Positive Definite Norm of a Quaternion
The squareof the norm of a quaternioncanonly be zeroif every elements zero,otherwiseit musthave a positive
value.
(t. %) (¢, X) = (t2+X X, 0)
Thisis the standardeuclideamormfor areal4-dimensional/ectorspace.

The Euclideaninnerproductof two quaternionscan take on ary value, asis the casein quantummechanicsfor
<phitheta>. The adjective "Euclidean”is usedto distinguishthis productfrom the Grassmarinnerproductwhich
playsa centralrole in specialrelativity (seealternatve algebrafor boosts).

Completeness

With thetopologyof a Euclideanmnormfor areal4-dimensional/ectorspaceguaternionsarecomplete.

Quaterniongarecompletdn amannerrequiredo form aBanachspacef thereexistsaneighborhooaf any quaternion
x suchthatthereis a setof quaterniony

lix -yl1?<ée
for somefixedvalueof epsilon.

Constructsucha neighborhood.
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An infinite numberof quaterniongxist in the neighborhood.

Any polynomialequationwith quaternioncoeficientshasa quaterniorsolutionin x (a proof doneby Eilenbeg and
Nivenin 1944 citedin Birkhoff andMac Lanes”A Surwey of ModernAlgebra’)



Identities and Inequalities
Thefollowing identitiesandinequalitiesemanatdrom the propertiesof a Euclideannorm. They areworked out for
guaternionderein detailto solidify the connectiorbetweerthe machineryof quantummechanicg&ndquaternions.
The conjugateof the squareof the normequalsthe squareof the normof thetwo termsreversed.
<ple>* =<op|d>
For quaternions,
((t. %) (e ?)) = (tre X X, -tX 4 Xt s ?(x)?)
(t’, )_(\’)*(t, 3‘() = (t't P XX X=Xt ->_<\'x3‘<)
Theseareidentical,becausehetermsinvolving the crossproducewill flip signswhentheirorderchanges.
For productsof square®f normsin quantummechanics,
<epled>=<o0|lp><¢|¢>

Thisis alsothecasefor quaternions.
< (6. X) (e %) [ (¢ X) (1 %) > =
(R 2)) (R o %)
() () (R %)
= (¢, >'<")*(t2+x2+y2+zz, 0, 0, 0)[t", >?)
(t2+x2+y2422, 0, 0, O)(t’, )?)(t >?)
(0 %)" (%) (%) (e %)
=< (6. R) | (6. X) >< (e %) | (¢, %) >

Thetriangleinequalityin guantummechanics:

<o+ dlo+ 7<= (<plo>+ <¢|¢>)?
For quaternions,

<t %) o (1 R (1 %)+ (1 %)>2 -
2

= ((t +t7, 3\(+)_(\')*(t +t7, 3\(4-)_(\’))

(17 et2e (X)74 (%) e 2 e2R %, 0)
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If the signsof eachpair of componentrethe samethetwo sideswill beequal.If the signsaredifferent(at anda-t

for example),thenthe crosstermswill cancelon theleft handside of the inequality makingit smallerthantheright
handsidewheretermsnever cancelbecause¢hereareonly squarederms.
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The Schwarzinequalityin quantummechanicss analogougo dot productsandcosinedn Euclideanspace.



|<olé>|? <=<o|o><¢|¢>

Let athird wave function,chi, bethe sumof thesetwo with anarbitraryparametetambda.
X = Q+A

Thenormof chiwill necessarilyoegreaterthanzero.
(P+20)" (0+2A0) = @ 0+A0"D + A" 0 + A*A¢"¢ >= 0

Choosehevaluefor lambdathathelpscombineall thetermscontaininglambda.

A> _¢**<p

[

o 0P
*o - >=0
(%) o

Multiply throughby thedenominatorseparatehetwo resultingtermsanddo someminor rearranging.
(0*0)* 0™ <=0"p ¢" ¢

Thisis now the Schwarzinequality

Anotherinequality:
2Re <gp|¢p><=<p|ep>+<d|dp>

Examinethe squareof the norm of the differencebetweentwo quaternionswvhich is necessarilyequalto or greater
thanzero.

0 <=<(t, X) - (t', X) | (t. X) - 17, X) >
- ((t -t)2 4 (32-)'(‘) ($‘<->?) 6)
Thecrosstermscanbe putontheothersideof inequality changinghesign,andleaving the sumof two normsbehind.
(2t t7« % %), D) <= (124 (X)*+ 2« (%)°, )
2Re < (t, X) | (t7, X) ><=< (t, X) | (t. X) >+ < (t", X) | (v, %) >
Theinequalityholds.
Theparallelogramaw:
SP+d|d+0> + <0-¢|d-0>=2<0|ep> +2<¢|¢>
Testthequaterniomorm
< (t, 32) + (t’, >?)|
(60 %)+ (£ %) > o< (6 X) = (17 %) [ (0, X) - 27 %) >=

-2(t2e (X) a2 (2')2, 9) -

=2<(t,$‘<)i(t,$‘<)>+2<(t', X)i(t >'<")>

Thisis twice the squareof the normsof thetwo separateomponents.



Implications

In the casefor specialrelativity, it wasnoticedthatby simply squaringa quaternionthe resultingfirst termwasthe
Lorentzinvariantinterval. Fromthatsolitary obsenation,the power of a mathematicafield washarnessetb solve a
wide rangeof problemsin specialrelativity.

In a similar fashion,it is hopedthat becausehe productof a transposeof a quaternionwith a quaternionhasthe
propertiesof acompleteinnerproductspacethe power of the mathematicafield of quaternionganbe usedto solve
awide rangeof problemsin quantummechanicsThis is animportantareafor furtherresearch.

Note: this goalis differentfrom the one Stepherdler setsout in "QuaternionicQuantumMechanicsandQuantum
Fields” He triesto substitutequaternionsn the placeof complex numbersn the standardHilbert spaceformulation
of quantummechanicsThe analyticalpropertiesof quaternionglo not play a critical role. It is the propertiesof the
Hilbert spaceoverthefield of quaternionghatis harnessetb solve problems.It is my opinionthatsincethe product
of atransposef a quaternionwith a quaterniomalreadyhasthe propertiesof a normin a Hilbert spacethereis no
needto imbedquaternionggainwithin anotheHilbert spacel like a closeshasze with Occamsrazor



2 Multiplying Quaternionsin Polar Coordinate Form

Any quaterniorcanbewritten in polarcoordinateform, which involvesa scalarmagnitudeandangle,anda 3-vector
I (whichin somecasesanbethemorefamiliari).

g =119l Exp [er] = q*q(Cos[e] + T Sin [e])
Thisrepresentatiocanbe usefuldueto the propertiesof the exponentiaffunction,cosinesandsines.

Theabsolutevalueof aquaternions the squareroot of the norm,which is thetranspos®f a quaterniormultiplied by
itself.

lal =va*q
Theangleis thearccosineof theratio of thefirst componenbf aquaternioroverthenorm.
6 = ArcCos (q * q*)
2|q]

Thevectorcomponents generatedby normalizingthe purequaternionthefinal threeterms)to the normof the pure
guaternion.

[ ._9-9°
219 - q*|
"2 equals-1justlikei"2. Let (0, V) = (q- g*)/2.
2 (0, VIO, V)  (-V.V, vxv)
T, VIO VT (Vo)

It shouldbe possibleto do Fourieranalysiswith quaternionsandto form a Dirac deltafunction (or distribution). That
is aprojectfor thefuture. Thosetoolsarenecessarjor solvingproblemsin quantummechanics.

New method for multiplying quaternion exponentials

Multiplying two exponentialsis at the heartof modernanalysis,whetheroneworks with Fourier transformsor Lie
groups.GivenaLie algebraof aLie groupin asufficiently smallareatheidentity, the productof two exponentialscan
be definedusingthe Campbell-Hausdoffformula:

EXp [XIEXp[y]l = (X +Y) + %[X, YI (X +Y)
1
+E([[X, Y1, Y1 = [IX YI, X]) (X +Y) + ...

Thisformulais not easyto use,andis only applicablein a smallareaaroundunity. Quaternioranalysishatrelieson
this formulawould bevery limited.

| have developed(perhapsfor the first time) a simpler and generalway to expressthe productof two quaternion
exponentialsas the sumof two components.The productof two quaternionssplits into a commutingand an anti-

commutingpart. The rulesfor multiplying commutingquaternionsareidenticalto thosefor complex numbers.The
anticommutingpartneedso be purelyimaginary The Grassmamproduct(q gq’) of two quaternionexponentialsand
the Euclideanproduct(g* q’) shouldboth have theseproperties. Togetherthesedefinethe needsfor the productof

two quaterniorexponentials.

Let g= Exp[X] q° = ExpLY]

, . . (g, 9'1*
99 = (6 ¢+ AbsLa, 017 Exp [F e ]

aq’ + q’* q*

where {qg, q"}* = 5

and [, 9’1" =dq” - g™ g*



g*g’ = sameas above

where {g, 9’} =g*q  +9’* g and [q, 9] =g*q" -q* q

| call theseoperators'conjugators’becausehey involve taking the conjugateof the two elements.Andrew Millard
madethesuggestiorior the Grassmamroductthatunifiestheseapproachenicely. Whatis happenindnereis thatboth
commutingandanticommutingpartsscalethemselesappropriatelyBy usinganexponentialthathaspi/2 multiplied
by anormalizedquaternionthis alwayshasa zeroscalar asit mustto accuratelyrepresenainanticommutingpart.



3 Commutators and the Uncertainty Principle

Commutatorsaandthe uncertaintyprinciple are centralto quantummechanics.Using quaternionsn theseroleshas
alreadybeenestablishedby others(Horwitz andBiedenharnAnnalsof Physics157:432,1984). Thefirst proof of the
uncertaintyprinciplel saw reliedsolelyon the propertieof comple« numbersnot on physics!in this notebool will
repeathat analysis,shoving how commutatorandan uncertaintyprinciple arisefrom the propertiesof quaternions
(or their subfieldthe complex numbers).

Commutators

Any quaterniorcanbewrittenin a polarform.
s \%
a= (s, V) = ¥g"q Exp —
i e | G )
Thisis identicalto Euler’'s formulaexceptthattheimaginaryunit vectori is replacedoy the normalized3-vector The
two areequivalentif j = k = 0. Any quaterniorcouldbethelimit of thesumof aninfinite numberof otherquaternions

expressedn a polarform. | hopeto shav that sucha quaternionrmathematicallybehaeslik e the wave function of
guantummechanicsevenif thenotationis different.

To simplify things,usea normalizedquaternionsothatg* q = 1. Collectthe normalized3-vectortogetherwith | =
VI(V* V)'.5.

Theangles/(g* q)".5is arealnumber Any realnumbercanbeviewedasthe productof two otherrealnumbers.This
seeminglyirrelevantobsenationlendsmuchof theflexibility seenin quantummechanics-) Hereis therewrite of q.

g = Exp[abl]
S \Y
where q*q =1, ab= —, | = —
Va*q VV*V
Theunit vectorl could alsobe viewed asthe productof two quaternions.br classicalquantummechanicsthis addi-

tional complicationis unnecessarylt may be requiredfor relativistic quantummechanicsso this shouldbe keptin
mind.

A point of clarificationon notation:thesameletterwill be used4 distinctways.ThereareoperatorsA hat, which act
on a quaterniorwave function by multiplying by a quaterniongcapital A. If the operatorA hatis anobsenable,then
it generates realnumber (a, 0), which commuteswith all quaternionswhatever their form. Thereis alsoa variable
with respecto acomponenbf a quaternionali, thatcanbe usedto form a differentialoperator

DefinealinearoperatorA hatthatmultipliesq by the quaterniorA.

Agq = AqQ

If the operatorA hatis an obsenable,thenthe quaternionA is a realnumber (a, 0). This will commutewith ary
guaternion. This equationis functionally equivalentto an eigervalue equation,with A hat as an eigervectorof q
and(a, 0) asthe eigervalue. However, all of the component®f this equationare quaternionsnot separatestructures
suchasan operatorbelongingto a groupanda vector This might make a subtlebut significantdifferencefor the
mathematicastructureof thetheory apointthatwill notbeinvestigatedere.

DefinealinearoperatoB hatthatmultipliesq by thequaterniorB. If B hatis anobsenable,thenthis operatorcanbe
definedin termsof the scalarvariablea.

- d
Let B = -1 ﬁ
- d Exp[abl]
Bq = -l —4q — =bd

OperatorA andB arelinear



(A+B)q=Aq+Bq=aq+bq=(a+b)q

A(Q+Q)=Aq+AQ =aq+aq

Calculatethe commutatoffA, B], whichinvolvesthe scalara andthe derivative with respecto a.

- (am = _ dq daq

[A, B]q_(AB-BA)q_-anﬁuH
dq dq da

_—alﬁ+alﬁ+lqﬁ_lq

Thecommutatorctingon a quaternioris equivalentto multiplying thatquaterniorby the normalized3-vectorl.

The Uncertainty Principle

Usetheseoperatorgo constructhingsthatbehave lik e averagegexpectationvalues)andstandardieviations.

The scalara—generatedby the obsenable operatorA hat acting on the normalizedg—canbe calculatedusing the
Euclideanproduct.

a* (Ag) =g*ag =2aqg*q =a

It is hardto shufle quaternion®r their operatorsaround.Realscalarscommutewith any quaterniorandaretheir own
conjugates Operatorghat generatesuchscalarscanmove around.Look at waysto expressthe expectationvalue of
A.

*

q" (Aq) = a"aq - aq"q - a'q"q = (Aq) q - a
Defineanew operatorA’ basecbn A whoseexpectatiorvalueis alwayszero.
Let A" = A-qg* (AQ)
a* (AMd)=0g" (A-0g*(Ag))q)=a-a=0
Definethe squareof the operatorin away designedo link up with the standardieviation.
Let DA2 = q* (A2q) - (q* (A ))° = q* (A2q)
An identicalsetof tools canbedefinedfor B.

In the sectionon braclet notation,the Schwarzinequalityfor quaternionsvasshown.
A*B + B*A
2

The Schwarzinequalityappliesto quaternionsnot quaternioroperatorslf theoperatorsA’ andB’ aresurroundedn
bothsidesby q andg*, thenthey will behaelike scalars.

Inl g
<= |A||B
I

Theleft-handsideof the Schwarzinequalitycanberearrangedo form acommutator
q*(A*B + B*A)q =
q*A*B'q + g*B*A'g=q*a*B' q + q* (- )*dia Aq-=
=g"a'B'g- g (-l )f—aA'q= 9*(A'B - B'A)qg = g"[A, Blq
Theright-handsideof the Schwarzinequalitycanberearrangedo form thesquareof thestandardieviation operators.
a*1A| IB'|q = q*A” A'B"'B'q= q"A?B?q= q" DA?DB?q

Plugbothof thesebackinto the Schwarzinequality strippingthe primesandthe g’s which appearwon bothsidesalong
theway.



[A’Z B] <= DA@ DB2

Thisis theuncertaintyprinciple for complementarpbsenableoperators.

Connectionsto Standard Notation

This quaterniorexercisecanbe mappedo the standarchotationusedin physics
bra : |y>— ¢

ket : <y| — g~

operator : A — A
imaginary : i — |
commutator : [A, B] — [A B]

norm : < y|y>— Qq*q

expectation of A: <y |Ay¥y> mapsto gq* Aq

Ais Hermitan — (O, 7&) is anti - Hermitan q* ((0 K) q) = ((O —7&) q)*q
The square of the standard deviation : 6A? =< y|A2 > - < y|Ay>> — DR

Onesubtletyto noteis thata quaternioroperatoris anti-Hermitianonly if the scalaris zero. Thisis probablythecase
for classicalquantummechanicshut quantumfield theory may requirefull quaternionoperators.The proof of the
uncertaintyprinciple showvn hereis independentf thisissue.l do notyetunderstandhe consequencef this point.

To getto the position-momentununcertaintyequationmake thesespecificmaps

A— X
. d
B P=1ia—
e | dx
I =[A Bl — i A[X P]
[A Bl I _~ X P1 18 _ o
5 _2<_DA?DBZ—>—2 = & <= 6X6P

The productof the squareof the standardieviation for positionandmomentumin the x-directionhasa lower bound
equalto half the expectationvalueof the commutatoiof thoseoperatorsTheproofis in the structureof quaternions.

Implications

Thereare mary interpretationsf the uncertaintyprinciple. | comeaway with two strangeobsenations. First, the

uncertaintyprincipleis aboutquaternion®f theform q = Exp[ab I]. With thisinsight,onecanseeby inspectiorthata

planewave Exp[((Et- PX)/hbarl], or wave pacletsthataresuperpositionsf planewaves,will have four uncertainty
relations,onefor the scalarEt and anotherthreefor the three-partscalarP.X. This perspectie shouldbe easyto

generalize.

Second,the uncertaintyprinciple and gravity are relatedto the samemathematicaproperties. This proof of the
uncertaintyrelation involved the Schwarz inequality It is fairly straightforvard to corvert that inequality to the
triangleinequality Findinggeodesicsvith quaternionsnvolvesthetriangleinequality If acompletetheoryof gravity
canbebuilt from thesegeodesicgit hasnt yet beendone:-) thentheinequalitiesmay openconnectionsvherenone
appearedbefore.



4 Unifying the Representationof Spin and Angular Momentum

I will shov how to represenboth integral and half-integral spin within the samequaternionalgebraicfield. This
involvesusing quaternionautomorphisms First a sketch of why this might work will be provided. Second,small
rotationsin aplanearoundtwo axeswill beusedto shov how theresultingvectorpointsin anoppositewvay, depending
on which involution is usedto constructthe infinitesimalrotation. Finally, a generalidentity will be usedto look at
whathappensinderexchangeof two quaternionsn acommutator

Automorphism, Rotations, and Commutators

Quaternionsareformedfrom the direct productof a scalaranda 3-vector Rotationaloperatorghatacton eachof

the 3 component®f the 3-vectoractlike integral angularmomentum.l will shav thata rotationoperatorthat acts
differently on two of the threecomponent®f the 3-vectoractslik e half-integral spin. Whathappenswith the scalar
is irrelevantto this dimensionatounting. The samerotationmatrix actingon the samequaterniorbehaesdifferently
dependinglirectly on whatinvolutionsareinvolved.

Quaternionshave 4 degreesof freedom. If we wantto representjuaternionswith automorphisms4 are required:
They aretheidentity automorphismthe conjugateanti-automorphisnthefirst conjugateanti-automorphismandthe
seconctonjugateanti-automorphism:

Il :q->q

* : q _> q*

*1 1 q-> qil

*2 *2

1q->q
where

q*l = (elq el)*

q*? = (e;qe;)"
el,e2,e3areorthogonabasisvectors

The mostimportantautomorphisnis the identity. Life is stablearoundsmall permutationsof the identity:-) The
conjugateflips the signsof the eachcomponentin the 3-vector Thesetwo automorphismsthe identity and the
conjugatetreatthe 3-vectorasaunit. Thefirst andsecondconjugatelip the signsof all termsbut thefirst andsecond
terms,respectiely. Thereforetheseoperatorsacton only thetwo of thethreecomponentsn the 3-vector By acting
on only two of threecomponentsa commutatomwill behave differently. This small differencein behaior insidea
commutatoiis whatcreateghe ability to represenintegral andhalf-integral spins.

Small Rotations
Smallrotationsaboutthe origin will now be calculated. Thesewill thenbe expressedn termsof the four automor
phismsdiscussedbove.

I will be following the approachusedin J. J. Sakurais book "Modern QuantumMechanics”,chapter3, making
modificationsnecessaryo accommodatguaternionsFirst, considerrotationsaboutthe origin in the z axis. Define:

- ; €3
Re3=o(e) = (cos (8) ey, 0, 0, sin (8) 3 )
. _ e e,
if q_(O, al—s,az—s,o)
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Re3=o (®) q=
q’ = (O, (aj cos (8) —a,sin (8)) eg 83—1, (a, cos () +ay sin (8)) eg %2, O)
Two technicalpoints. First, Sakuraiconsideredotationsaroundany point alongthe z axis. This analysisis confined
to the z axis at the origin, a significantbut not unreasonableonstraint. Second theserotationsare written with

generalizeccoordinatesnsteadof the very familiar and comfortablex, y, z. This extra effort will be usefulwhen

consideringhow rotationsareeffectedby curvedspacetimeThis machinenyis alsonecessaryo do quaternioranalysis
(pleaseseethatsection|t’s great:-)

Therearesimilar rotationsaroundthefirst andsecondaxesat the origin;
. e
Re,-0(8) = (cos (6) ey, sin (6) ?1 0, 0)
. e
Re,-0(8) = (cos (6) g, 0, sin (6) ?2 0)

Consideraninfinitesimalrotationfor thesethreerotationoperatorsTo secondorderin theta,

( 2
sin (6) = 6 + O(6%), cos (8) = Ll - % + 0(6%)
62 e; 3
Re,0(@<<1)=||1-= 80,9?,0,0 + O(e%)
62 e, 3
Re,-0(0<<1) = |1~ eO,O,e?,O + 0(6%)
62 ey 3
Reg=0(0<<1) = ||1- 7 |9 0,0, 82|+ O

Calculatethe commutatoiof thefirst two infinitesimalrotationoperatorgo seconcdbrderin theta:

€1

({ o2)
[Re;-0: Re,-0l = ul- *J €. 6 3

. ,o,o]{[l-f]eo,o,e?,o]_

-[{1-62—2]%, 0, 9%2, OJ[ll—%]eo, eeg—l, 0, o] -

2y o2 881 €8 2167\ _
((1-0%) e 0°C2, 0202, - e2L72)
e e
=2(0, 0, 0, 92%) = 2(Ry,.0(6%) - R(0))

To secondorder, the commutatorof infinitesimal rotationsof rotationsaboutthe first two axes equalstwice one
rotationaboutthethird axis giventhe squaredangleminusa zerorotationaboutanarbitraryaxis (afang/ way to say
theidentity). Now | wantto write this resultusinganti-automorphiénvolutionsfor the smallrotationoperators.

([ &2) e V([ e2) e,
R, -0 R*ez_0]=|k|kl—7}|e0,—9? 0 o}||k|k1-7}|eo,o -e?,ol-
({ o2) e, V(I 2') N \
lll-7 eOO—e3 OJlll—iJeo -e§OOJ=
_ 2 2 €0€1 _ €0% _2€1€3)
_((1-e)e0,—63,93,6 9)
2 2 €01 ) 2€1€2) _
((1-e)eo,-eT,-eT,-e 5 )_

=2(0, 0, 0, ezelgﬁ) = 2(R,,0 (6%) - R(0))

NothinghaschangedRepeathis exerciseonelasttime for thefirst conjugate:

11



€pe e e
=((1—62)e02,—6 L - 032’62 192)_

2y o 2 €01 €082 _ 2€182) _
((1-e)eo,—e 3 —e—3o -0 )_

=2(0, 0, 0, 92%) = - 2(Ry,.0 (6%) -R(0))
This pointsexactly the oppositeway,evenfor aninfinitesimalangle!

This is the kernelrequiredto form a unified representatiomf integral and half integral spin. Imagineaddingup a
seriesof thesesmall rotations,say 2 pi of these. No doubtthe identity and conjugateswill bring you backexactly
whereyou started.Thefirst andsecondconjugatesn thecommutatomwill pointin the oppositedirection. To getback
on coursewill requireanother2 pi, becaus¢he minusof aminuswill generate plus.

Automorphic Commutator Identities

Thisis avery specificexample.ls therea generaldentity behindthis work? Hereit is:
[q’ q/] - [q*’ q/*] - [q*l’ qr*l]*l - [q*Z’ q/*2]*2

It is usuallya goodsignif a proposalgetsmoresubtleby generalization-) In this case the negative sign seenon the
z axis for thefirst conjugatecommutatotis dueto the actionof anadditionalfirst conjugate.For thefirst conjugate,
thefirst termwill havethecorrectsignaftera2 pi journey, but the scalar third andforth termswill pointthe opposite
way. A similar, but notidenticalstoryappliesfor the seconcconjugate.

With theidentity, we canseeexactly whathappensf q changegplaceswith g’ with acommutator Notice, | stopped
right at the commutator(notincludingary additionalconjugator).In thatcase:

-[9, 91 =19*, 9] = -[9"*, "] =

e,e eze
2€3 32
= (0, a8~ +a3a8 g

a9, 9’1

aga, 3% L a aalTe3, a,8,°1°2 L a,a, ezgel)
@, g1 = —1q*, gty =
= (0, a,a;—2-3 +a3az3Tez

-aza 39 - 1a3e19e a8 19e -8 1e29e1)

Underanexchangetheidentity andconjugatecommutatorgorm a distinctgroupfrom the commutatorgormedwith
thefirst andsecondconjugatesThe behaior in a commutatounderexchangeof theidentity automorphisnandthe
anti-automorphiconjugateareidentical. Thefirst andsecondconjugatesresimilar, but notidentical.

Therearealsocorrespondingdentitiesfor the anti-commutator:

*2

*1

{9, A’} = (9%, 9*}* = -{g*}, g"*1} {9*2, q"*?}
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At this point, | don't know how to usethem,but again,the identity andfirst conjugatesappeato behae differently
thatthefirst andsecondconjugates.

Implications

This is not a supersymmetricproposal. For thatwork, thereis a superpartnerparticlefor every currentlydetected
particle. At thistime, not oneof thoseparticleshasbeendetecteda seriousomission.

Threedifferent operatorshad to be blendedtogetherto performthis feat: commutatorsgconjugatesand rotations.
Theseinvolve issueof even/oddnessmirrors, androtations. In a commutatorunderexchangeof two quaternions,
the identity andthe conjugatebehave in a unitedway, while the first and secondconjugategorm a similar, but not

identicalset.Becausehis is ageneralquaternioridentity of automorphismghis shouldbevery widely applicable.
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5 Deriving A Quaternion Analog to the Schrodinger Equation

The Schibdingerequationgivesthe kinetic enegy plusthe potential(a sumalsoknown asthe HamiltonianH) of the
wave function psi, which containsall thedynamicalinformationabouta system Psiis a scalarfunctionwith comple
values.

ay -n?

L A e
Hy = - he = o v20 + V(0, X)¥

For thetime-independentase,enegy is written at the operator-i hbard/dt, andkinetic enegy asthe squareof the
momentunmoperatori hbarDel, over 2m. Giventhe potentialV(0, X) andsuitableboundaryconditions,solvingthis
differentialequationgeneratea wave function psi which containsall the propertiesof the system.

In this section,the quaternionanalogto the Schiddingerequationwill be derived from first principles. What is
interestingarethe constraintthat arerequiredfor the quaternioranalog. For example,thereis a factorwhich might
seneto damprunaway terms.

The Quaternion Wave Function

Thederivationstartsfrom a curiousplace:-) Write out classicakngularmomentunmwith quaternions.

(0.T) = (0. BB) = odd (0. R] (0. B))
Whatmakesthis "classical”arethe zeroedn the scalars Make theseinto completequaterniondy bringingin time to
go alongwith the space3-vectorR, andE with the 3-vectorP.

(t. R)(e. P) = (Bt -R P, eR+Pt + RxP)
Definea dimensionlessjuaterniorpsithatis this productover h bar.

wwﬁ (B -R P, eRe Bt + BxP)

Thescalarpartof psiis alsoseenin planewave solutionsof quantummechanicsThe complicated3-vectoris a new
animal,but noticeit is composeaf all thepartsseerin thescalarjustdifferentpermutationghatevaluateto 3-vectors.
Onemightarguethatfor completenessll combinationof E, t, R andP shouldbeinvolvedin psi, asis thecasehere.

Any quaternioncanbe expressedn polarform:

-

| | arccos (Ig—l)%
q = lqle Vi
[

Expresspsiin polarform. To make thingssimpler assumehatpsiis normalized solpsi = 1. The 3-vectorof psiis
quitecomplicatedsodefineonesymbolto captureit;
- eﬁ + Tst + _R\X_Fs
B ie_R\ + Tst + ﬁxﬁi
Now rewrite psiin polarform with thesesimplifications:
(e R B)a

Thisis whatl call the quaterniorwave function. Unlike previouswork with quaternionicquantummechanicgseesS.
Adler’'s book "QuaternionicQuantumMechanics”),| seeno needto definea vectorspacewith right-handoperator
multiplication. As wasshawn in the sectionon bracket notation,the Euclideanproductof psi (psi* psi) will have all
the propertiesrequiredto form a Hilbert space.The advantageof keepingboth operatorsandthe wave function as
guaternionss thatit will make senseto form aninteractingfield directly usinga productsuchaspsi psi’. Thatwill
notbedonehere.Anotheradwvantages thatall the equationswill necessarilypeinvertible.
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Changesin the Quaternion Wave Function

We cannotderive the Schibdingerequationper se, sincethatinvolvesHermitianoperatorghat actingon a complec
vectorspace.Instead the operatorsherewill be anti-Hermitianquaternionsactingon quaternions.Still it will look
very similar, down to the lasth bar:-) All thatneedsto be doneis to study how the quaternionwave function psi
changesMake thefollowing assumptions.

1. Enegy andMomentumareconsered.

oe =0 and6—P=O
ot

at
2. Enegy is evenly distributedin space
Ve=0
3. Thesystemis isolated
VxP =0
4. Theposition3-vectorX is in the samedirectionasthe momentunB-vectorP
I;I' IPPI =1 which implies % =0 and _v\xeT

The implications of this last assumptiorare not obvious but can be computeddirectly by taking the appropriate
derivative. Hereis a verbalexplanation.If enegy andmomentumareconsered,they will notchangen time. If the
position 3-vectorwhich doeschangeis alwaysin the samedirectionasthe momentum3-vector, then| will remain
constanin time. Sincel is in thedirectionof X, its curl will bezero.

=0

This last constraintmay initially appeartoo confining. Contrastthis with the typical classicalquantummechanics.
In thatcase thereis animaginaryfactori which containsno informationaboutthe system.It is a mathematicatool
tossedn sothatthe equationhasthe correctproperties With quaternionsi is determinedirectly from E, t, PandX.
It mustbericherin informationcontent.This particularconstraintis areflectionof that.

Now take the time derivative of psi.
o el ¥
ot n o 2
1+ (Et -5 P)
Thedenominatomustbeatleastl, andcanbegreateithatthat. It cansere asadamperagoodthingto tamerunavay

terms.Unfortunatelyit alsomakessolvingexplicitly for enegy impossibleunlessEt - PX equalszero. Sincethegoal
is to make a directconnectiorto the Schibdingerequationmake onefinal assumption:

5 Et-R.P=0
Et -RP=0

Thereareseveralimportantcasesvhenthiswill betrue. In avacuumg andP arezero.If thisis usedto studyphotons,
thent = |Rl andE = [P!. If this numberhappendo be constanin time, thenthis equationwill applyto thewave front.
8Et -R. P R = aR
L -RF _g 29" -

if 0, = . or — =
ot at ot

ol @

Now with theseb assumptiongn hand,enegy canbedefinedwith anoperator

oy el
at " a Y
a o
—Ih—w= ey ore =-la—
ot ot

The equivalenceof theenegy E andthis operatoiis calledthefirst quantization.
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Take the spatialderivative of psi usingthe underthe sameassumptions:

- Pl v
2

1+(Et—§.$)

Tave= Py or P = | &Y

Squarehis operator
212 2 o MP 222
(P) = (mv)© = ZmT = 2mKE = -h (V)

TheHamiltonianequalgsthekinetic enegy plusthe potentialenegy.

Hy = -T‘ng—;” - -n2($)2w VY

Typographically this looks very similar to the Schiddingerequation.Capitall is a normalized3-vector anda very
complicatedoneat thatif you review the assumptionshat got us here. phi is not a vector, but is a quaternion.This
give theequationmore,not less,analyticalpower. With all of the constraintsn place,l expectthatthis equationwill
behae exactly lik e the Schrodingeequation As theconstraintsareremoved, this proposabecomesicher. Thereis a
damperto quenchrunavay terms. The 3-vectorl becomegyuite the nightmareto dealwith, but it shouldbe possible,
givenwe aredealingwith atopologicalalgebraidield.

Implications

Any attemptto shift the meaningof an equationas centralto modernphysicshadfirst be ableto regenerateall of

its results.| believe thatthe quaternionanalogto Schibdingerequationunderthe listed constraintswill do the task.
Theses animmenseamountof work neededo seeasthe constraintarerelaxed, whetherthe quaterniordifferential
equationswill behae better My senseatthis time is thatfirst quaternioranalysisasdiscussedaarliermustbe made
asmathematicallysolid ascomplex analysis.At thatpoint, it will beworth pushingthe envelopewith this quaternion
equation. If it standson a foundationasrobustas complex analysis,the profoundproblemsseenin quantumfield

theorystanda chanceof fadingaway into the background.
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6 Intr oduction to Relativistic Quantum Mechanics

Therelativistic gquantummechanicequatiorfor afree particleis the Klein-Gordonequation(h=c=1)

[ 6?22

The Schibdingerequatiorresultsfrom the non-relatvistic limit of this equation.In this section the machineryof the
Klein-Gordonequatiornwill beportedto quaternions.

-V 4 rT?]E:O

The Wave Function

The wave function is the superpositiorof all possiblestatesof a system. The productof the conjugateof a wave
functionwith anothemwave functionformsa completeinner productspace.ln the enegy/momentunrepresentation,
thiswould involve all possibleenegy levelsandmomenta.

T = the sumfrom n = 0to infinity of (en, (TS)“)

Thisinfinite sumof quaternionshouldcontainall theinformationabouta system.The quaterniorwave functioncan
benormalized.

2% (en (B))"(ons (7)) - 3 (e3+ P2 0] -1

n=0 n=0

The first quaternionis the conjugateor transposef the second. Sincethe transposef a quaterniorwave function
timesawave functioncreatesa Euclideamorm, this representationf wave functionsasaninfinite sumof quaternions
canform acomplete hormedproductspace.

The Klein-Gordon Equation

The Klein-Gordonequationcanbe dividedinto two operatorghatact on the wave function: the D’Alembertianand
thescalam™2. Thequaternioroperatorequiredto createthe D’Alembertian,alongwith vectoridentities hasalready
beenworkedout for the Maxwell equationsn the Lorenzgauge.

S((23) 4 (&) ) fen (B2

n=0
o (P)

ot 2

=Z[6—e-$ ve, -V - VX(P)n,

e, 255 (B), +DAX(P) + sxeen]

Thefirst termof thescalarandthe secondermof thevector, arebothequalto zero. Whatis left is the D’Alembertian
operatoractingon the quaterniorwave function.

To generatehescalamultiplier m”2, substituteEn andPnfor theoperatorgl/dtanddelrespectiely, andrepeat.Since
the structureof the operatoris identicalto the previous one,insteadof the D’Alembertiantimesthe wave function,
thereis En"2-Pn"2.The sumof all thesetermsbecomesn”2.

Setthe sumof thesetwo operatorequalto zeroto form the Klein-Gordonequation.

S ((&3) (20 3) w ow (L) (en ~(B),)7) fenr (P),)/2-
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It takessomeskilled staringto assurehatthis equationcontainsthe Klein-Gordonequationalongwith vectoridenti-
ties.

Connectionto the Maxwell Equations

If m=0, thequaternioroperator®f theKlein-Gordonequatiorsimplifiesto theoperatoraisedto generatéheMaxwell
equationsn theLorenzgauge.ln thehomogeneousase the sameoperatoractingon two differentquaterniongquals
thesameresult. Thisimpliesthat
(o &) = 2% (en (P),)
n=0
Underthis interpretation a nonzeromasschangeshe wave equationinto a simple harmonicoscillator The simple
relationshipbetweerthe quaterniorpotentialandthe wave functionmay hold for thenonhomogeneousaseaswell.

Implications

The Klein-Gordonequationis customarilyviewed as a scalarequation(due to the scalarD’Alembertian operator)
andthe Maxwell equationsare a vectorequation(dueto the potentialfour vector). In this notebookthe quaternion
operatorthat generatedhe Maxwell equationsvasusedto generatehe Klein-Gordonequation. This also created
severalvectoridentitieswhich areusuallynot mentionedn this context. A quaterniordifferentialequationis needed
to performthe work of the Dirac equation,but sincequaternionoperatorsare a field, an operatorthat doesthe task
mustexist.
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7 Time Reversal Transformations for Inter vals

Thefollowing transformatiorR for quaternionseversedime:
(t. %) -> (-t X) = r(t, ¥
ThequaterniorR exist becausguaternionsareafield.

Rwill equal(-t, X )(t, X)"1. Theinverseof quaternioris thetranspos@ver the squareof thenorm,whichis thescalar
termof thetranspos@f a quaterniortimesitself.

R = (-t X[t %)= (17 XX 20 X)/[t7 4 XX

For ary giventime, R canbedefinedbasedntheabove.

ClassicalTime Reversal

Examinethe form of the quaterniorwhich reversegsime undertwo conditions.A interval normalizedto theinterval
takesthe form (1, beta),a scalarone and a 3-vectorrelatiistic velocity beta. In the classicalregion, betac<<1.
CalculateR in thislimit to oneorderof magnituden beta.

R =(-t, B)(t, B) = (-t2+ 5.5 2t B)/(t2+ 5. 5. 0)
if B <<1 then Rz(—l, 2t E)

TheoperatorR is almostthe negative identity, but the vectoris non-zerosoit would not commute.

Relativistic Time Reversal

For arelatistic interval involving oneaxis, theinterval could be characterizetby thefollowing:
(T+e T, 0, 0)
Find out whatquaternionis requiredto reversetime for this relatiistic interval to first orderin epsilon.

R. (T2-(T+e)2 2T (T+e)
B lT2+ (T+e)2 T2+ (T+e)?’

\
0, oJ = (-$+0[e]2, 1+0[e1?, 0, 0)

This approachesg[-e/T, 1, 0, 0], almosta purevector, aresultdistinctfrom the classicakase.

Implications

In specialrelatiity, theinterval betweereventsis consideredo be4 vectorareoperatedn by elementof theLorentz
group. Theelemenbof this groupthatreversesime hasalongits diagonal

{-1, 1, 1, 1}, zeroeselsevhere. Thereis no dependencen relative velocity. Thereforespecialrelativity predicts
the operationof time reversalshouldbe indistinguishabldor classicalandrelativistic intervals. Yet classically time
reversalappeardo involve entropy, andrelatiistically, time reversalinvolvesantiparticles.

In this notebook,a time reversalquaternionhasbeenderived and shavn to work. Time reversalfor classicaland
relativistic intervals have distinct limits, but thesetransformationshave not yet beentied explicitly to the laws of
physics.
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