1 Multiplying Quaternionsthe EasyWay

Multiplying two complex numbersa+ b | andc + d | is straightforvard.
(a, b) (c,d) = (ac - bd, ad + bc)

For two quaternionsp | andd | becomethe 3-vectorsB andD, whereB = x | + y J + z K andsimilarly for D.
Multiplication of quaternionss like comple numbersput with theadditionof the crossproduct.

(a.8)(c. B) = [ac - B.B, aB+ Be + BxD)
Notethatthelastterm,thecrossproduct,would changsits signif theorderof multiplicationwerereversedunlike all
theotherterms).Thatis why quaternionsn generaddo not commute.

If ais the operatord/dt, andB is the del operatoyor d/dx | + d/dy J + d/dzK (all partial derivatives),thenthese
operatorsacton the scalarfunctionc andthe 3-vectorfunctionD in thefollowing manner:

d = 2 fde = = dD 2 s a)
(—, v) (c, D) = la -V.D, o+ VX DJ

This onequaternioncontainsthe time derivativesof the scalarand 3-vectorfunctions,alongwith the divergence the
gradientandthe curl. Densenotation:-)



2 Scalars,Vectors, Tensorsand All That

Accordingto my mathdictionary atensors ...

"An abstracbbjecthaving adefinitelyspecifiedsystemof component#n every coordinatesystemunderconsideration
and suchthat, undertransformationof coordinatesthe component®of the objectundegoesa transformationof a
certainnature'

To male this introductionlessabstract,| will confinethe discussiorto the simplesttensorsunderrotationaltrans-
formations. A rank-Otensoris known asa scalar It doesnot changeat all undera rotation. It containsexactly one
numbernever moreor less. Thereis a zeroindex for ascalar A rank-1tensoris avector A vectordoeschangeunder
rotation. Vectorshave oneindex which canrun from 1 to the numberof dimensionof thefield, sothereis noway to
know a priori how mary numbers(or operatorspr ...) arein avector n-ranktensorshave n indices. The numberof
numberseededs the numberof dimensionsn thevectorspaceaisedby therank. Symmetrycanoftensimplify the
numberof numbersactuallyneededo describeatensor

Therearea variety of importantspin-ofs of a standardvector Dual vectors,whenmultiplied by its corresponding
vector, generatea real number by systematicallymultiplying eachcomponentfrom the dual vectorandthe vector
togetherandsummingthetotal. If the spaceavectorlivesin is shrunk,a contravariantvectorshrinks,but a covariant
vectorgetslarger. A tangentvectoris, well, tangento a vectorfunction.

Physicsequationgnvolve tensorsof the samerank. Thereare scalarequationspolar vectorequationsaxial vector
equationsandequationgor higherranktensors Sincethesameranktensorsareonbothsidestheidentityis presered
underarotationaltransformationOnecoulddecideto arbitrarily combinetensorequation®f differentrank,andthey
would still bevalid underthetransformation.

Thereare waysto switch ranks. If therearetwo vectorsand onewantsa resultthatis a scalar that requiresthe
interventionof a metricto broker the transaction.This processn known asaninnertensorproductor a contraction.
The vectorsin questionmusthave the samenumberof dimensions.The metric defineshow to form a scalarasthe
indicesareexaminedone-by-one Metricsin mathcanbe anything, but natureimposesconstrainton which onesare
importantin physics.An aside:mathematiciansequirethe distances non-neyative, but physicistsdo not. | will be
usingthephysicsnotionof ametric. In looking ateventsin spacetimda 4-dimensionalector),the axiomsof special
relativity requirethe Minkowski metric,whichis a4x4realmatrix which hasdown thediagonall, -1, -1, -1 andzeros
elsevhere. Somepeoplepreferthe signsto beflipped, but to be consistentvith everythingelseon this site, | choose
this corvention. Anotherpopularchoiceis the Euclideanmetric, which is the sameasanidentity matrix. The result
of generakelatiity for a sphericallysymmetric,non-rotatingmasss the Schwarzschildmetric,which has’non-one”
termsdown the diagonal,zeroselsavhere,andbecomeghe Minkowski metricin the limit of the massgoingto zero
or theradiusgoingto infinity.

An outertensorproductis a way to increasehe rank of tensors.The tensorproductof two vectorswill be a 2-rank
tensor A vectorcanbeviewedasthetensorproductof a setof basisvectors.

What Ar e Quaternions?

Quaternioncould be viewed asthe outertensorproductof a scalaranda 3-vector Underrotationfor an eventin
spacetimeepresentetdy a quaterniontime is unchangedput the 3-vectorfor spacewvould berotated. Thetreatment
of scalards the sameasabove, but the notion of vectorsis far morerestrictive, asrestrictve asthe notion of scalars.
Quaternionsan only handle3-vectors. To thosefamiliar to playing with higher dimensionsthis may appeartoo
restrictive to be of interest. Yet physicson boththe quantumandcosmologicakcaless confinedto 3-spatialdimen-
sions. Note thatthe infinite Hilbert spacesn quantummechanics function of the principle gquantumnumbern, not
thespatialdimensionsAn infinite collectionof quaternion®f theform (En, Pn)couldrepresena quantumstate.The
Hilbert spaces formedusingthe Euclideanproduct(q* q').



A dualquaternioris formedby takingthe conjugatepecause* q = ("2 + X.X, 0). A tangentguaternioris created
by having anoperatoracton aquaternion-aluedfunction

(ait, 'v‘) (@, F@) - [Z—I AN +$xﬁ]
Whatwould happerto thesdivetermsif spacevereshrunk?The 3-vectorF wouldgetshrunk.aswouldthedivisorsin
theDel operatormakingfunctionsactedon by Del getlarger. Thescalartermsarecompletelyunafectedby shrinking
space pecausealf/dt hasnothingto shrink,andthe Del andF canceleachother Thetime derivative of the 3-vector
is a contravariantvector, becausd- would getsmaller The gradientof the scalarfield is a covariantvector, because
of thework of the Del operatorin the divisor makesit larger. The curl at first glancemight appearasa draw, but it
is a covariantvectorcapacitybecausef the right-anglenatureof the crossproduct.Notethatif time whereto shrink
exactly asmuchasspacenothingin thetangentjuaterniorwould change.

A quaterniorequationrmustgeneratehe samecollectionof tensorson bothsides.Consideithe productof two events,
gandq’:

(t,?)(t', >‘<")= (tt' XX, tX +3‘<t'+3‘<x>_<")

scalars :t, t’, tt " - X, X
polar vectors : 3\(, X, tX + Xt
axial vectors : XxX'

Whereis the axial vectorfor theleft handside?It is imbeddedn the multiplicationoperationhonest-)
(t’, >?) (t, 3‘() - (t’t SXUX UX e Xt s >‘<"x3‘<)

= (tt' XX, X e Xt - ?xf(\')

Theaxial vectoris theonethatflips signsif the orderis reversed.

Termscancontinueto getmorecomplicatedln aquaterniortriple producttherewill betermsof theform (XxX’).X".
Thisis calleda pseudo-scalabecausét doesnot changeunderarotation,but it will changesignsundera reflection,
dueto the crossproduct. You cancorvince yourselfof this by noting thatthe crossproductinvolvesthe sineof an
angleandthe dot productinvolvesthe cosineof anangle.Neitherof thesewill changeunderarotation,andaneven
functiontimesanoddfunctionis odd. If theorderof quaterniortriple productis changedthis scalawill changesigns
for ateachstepin thepermutation.

It hasbeenmy experiencethatary tensorin physicscanbe expressedisingquaternionsSometimest takesa bit of
effort, butit canbedone.

Individual partscanbeisolatedif onechoosesCombination®f conjugationoperatorsvhichflip thesignof avector,
andsymmetricandantisymmetrigoroductscanisolateany particularterm. Hereareall thetermsof the examplefrom
above

(t,?)(t', >’<")= (tt' XX, X +3‘<t'+3‘<x>'<")

L. _0+g* ,_9+q” ,_-‘-‘,_QQ'+(QQ')*
scalars :t = 5 t’ = > it X.X_i2
L _a9-9f a9 -9
polar vectors : X = > , X = >
tg,”?t,:(qq+<qq))—4(qq+(qq))
axial vectors :?(x)?’:%

Themetricfor quaternionss imbeddedn Hamilton's rule for thefield.
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Thislookslik e away to generatescalardrom vectors but it is morethanthat. It alsosaysimplicitly thati j =k, j k =
i, andi, j, k musthaveinversesThisis animportantobsenation,becausé& meanghatinnerandoutertensomproducts

canoccurin the sameoperation.Whentwo quaternionsare multiplied together a new scalar(innertensorproduct)
andvector(outertensormproduct)areformed.

How canthemetricbegeneralizedor arbitrarytransformationsThetraditionalapproactwould involve playingwith
Hamilton’s rulesfor thefield. | think thatwould be a mistale, sincethat rule involvesthe fundamentalefinition of
a quaternion.Changethe rule of whata quaternionis in onecontext andit will not be possibleto compareit to a
guaternionin anothercontext. InsteadconsideranarbitrarytransformationT whichtakesqinto ¢’

qa—9q =Tgq
T isalsoaquaternionin factit is equalto g’ g"-1. Thisis guaranteetb work locally, within neighborhoodsf gandq'.
Thereis no promisethatit will work globally, thatoneT will work for ary q. Undercertaincircumstancest will work
for ary g. Theimportantthingto know is thatatransformatiorm necessarilgxistsbecauseguaternionsreafield. The

two mostimportanttheoriesin physics,generalrelativity andthe standardnodel,involve local transformationgbut
thetechnicaldefinition of local transformationis differentthantheideapresentederebecausét involvesgroups).

Thisquaterniordefinitionof atransformatiorcreatesninterestingelationshippbetweertheMinkowski andEuclidean
metrics.

Let T = |, the identity matrix

lglg+ (tgla)~ _
5 =

(g)*lq= (t2+3\(. X, 0)

(t2-%% o)

In orderto changdrom wrist watchtime (theinterval in spacetimejo thenormof aHilbert spacedoesnotrequireary
changen thetransformatioruaterniononly a changein the multiplication step. Thereforea transformatiorwhich
generateshe Schwarzschildinterval of generalrelativity shouldbe easilyportableto a Hilbert spaceandthatmight
bethestartof a quantumtheoryof gravity.

SoWhat Is the Difference?

| think it is subtlebut significant. It goesbackto somethingd learnedin a graduatdevel classon the foundationsof
calculus.To make calculusrigorousrequiresthatit is definedover a mathematicafield. Physicistsdo this be saying
thatthe scalarsyectorsandtensorshey work with aredefinedoverthefield of realor comple< numbers.

Whatarethe numbersusedby nature?Thereare events,which consistof the scalartime andthe 3-vectorof space.
Thereis mass,which is definedby the scalarenegy andthe 3-vectorof momentum. Thereis the electromagnetic
potential,which hasa scalarfield phi anda 3-vectorpotentialA.

To do calculuswith only informationcontainedn eventsrequiresthata scalaranda 3-vectorform afield. Accord-
ing to a theoremby Frobeniuson finite dimensionalfields, the only fields that fit areisomorphicto the quaternions
(isomorphicis a sophisticatedhotion of equality whosesubtletiesareappreciateanly by peoplewith a deepunder
standingof mathematics)To do calculuswith amassor anelectromagnetipotentialhasanidenticalrequiremenand
anidenticalsolution. Thisis thelogical foundationfor doing physicswith quaternions.

Canphysicsbhe donewithout quaternions®f courseit can! Eventscanbe definedoverthefield of realnumbersand
thenthe Minkowski metricandthe Lorentzgroupcanbe deployedto getevery resultever confirmedby experiment.
Quantummechanicxanbe definedusinga Hilbert spacedefinedover the field of complex numbersandreturnwith

everyresultmeasuredo date.



Doing physicswith quaternionss unnecessarynlessphysicsrunsinto a compatibility issue. Constraininggeneral
relativity andquantummechanicgo work within the sametopologicalalgebraicfield may be the way to unite these
two separatelysuccessfulreas.



3 Inner and Outer Productsof Quaternions

A goodfriend of minehaswonderedvhatis meango multiply two quaterniongogether(this questionwasahottopic

in the nineteentltentury).| caremoreaboutwhat multiplying two quaterniondogethercando. Therearetwo basic
waysto do this: just multiply one quaternionby another or first take the transposef onethenmultiply it with the

other Eachof theseproductscanbeseparateihto two parts:asymmetrig(innerproduct)andanantisymmetriqouter

product)componentsThe symmetriccomponentvill remainunchangedby exchanginghe placesof thequaternions,
while the antisymmetriccomponentvill changeits sign. Togetherthey addup to the product. In this section,both

typesof innerandouterproductswill beformedandthenrelatedto physics.

The Grassmanlinner and Outer Products

Therearetwo basicwaysto multiply quaterniongogether Thereis thedirectapproach.
(t. %) (¢, >?) = (e XX, t)?’+32t’+32x5(")

| call this the Grassmamroduct(l don’t know if anyoneelsedoes,but | needalabel). Theinnerproductcanalsobe
calledthe symmetricproduct,becausét doesnotchangesignsif thetermsarereversed.

even ((t, X), (', X))
= RV X); (X)X (Lt =X %, 15X+ %)

| have definedthe anticommutato(the bold curly braces)n a non-standaravay, includinga factorof two sol do not
have to keeprememberingo write it. The first termwould be the Lorentzinvariantinterval if the two quaternions
representethe samedifferencebetweentwo eventsin spacetimdi.e. t1=t2=deltat,...). Theinvariantinterval plays
acentralrole in specialrelativity. The vectortermsareaframe-dependensymmetricproductof spacewith time and
doesnot appeaion the stageof physics but is still avalid measurement.

The Grassmarmuterproductis antisymmetricandis formedwith a commutator

odd ([t %), (7, 7)) =

O/ O
Thisis the crossproductdefinedfor two 3-vectors.It is unchangedor quaternions.

The Euclidean Inner and Outer Products

Anotherimportantway to multiply a pair of quaternionsnvolvesfirst taking the transposef oneof the quaternions.
For areal-valuedmatrix representatiorthis is equivalentto multiplication by the conjugatewhich involvesflipping
thesignof the 3-vector

[0 %) (%) - 1 %) (o 7]
- (t t + X X, t)?—?t'—?x)?’)
Formthe Euclideaninnerproduct.
S R0 ) M B )

Thefirst termis the Euclideannormif the two quaternionsarethe same(this wasthe reasorfor usingthe adjectve
"Euclidean”). The Euclideaninnerproductis alsothe standardiefinition of a dot product.




Formthe Euclideanouterproduct.
(0 N S LT PP

Thefirsttermis zero. The vectortermsareanantisymmetrigoroductof spacewith time andthe negative of the cross
product.

Implications

Whenmultiplying vectorsin physics,one normally only considergshe Euclideaninner product,or dot product,and
the Grassmarouter product,or crossproduct. Yet, the Grassmarinner product,becausét naturally generateshe
invariantinterval, appeargo play a role in specialrelativity. Whatis interestingto speculateaboutis the role of the
Euclideanouterproduct.lt is possiblethatthe antisymmetricyectornatureof the space/timgroductcouldberelated
to spin. Whatever theinterpretationthe GrassmarandEuclideaninner andouterproductsseemdestineto do useful
work in physics.



4 Quaternion Analysis

Complex numbersarea subfieldof quaternionsMy hypothesiss thatcomplex analysisshouldbe self-evidentwithin
the structureof quaternioranalysis.

Thechallengss to definethederivative in anon-singulaway, sothataleft derivative alwaysequalsaright derivative.
If quaternionsvould only commute.. Well, the scalarpartof a quaternionrdoescommute.If, in thelimit, the differ-
ential elementconvergedto a scalar thenit would commute.This ideacanbe definedprecisely All thatis required
is thatthe magnitudeof the vectorgoesto zerofasterthanthe scalar This mightinitially appearsasanunreasonable
constraint.However, thereis animportantapplicationin physics.Considera setof quaternionghatrepresengvents
in spacetime.If the magnitudeof the 3-spacevectoris lessthanthe time scalar eventsare separatedy a timelike
interval. It requiresa speedessthanthe speedof light to connectthe events. This is true no matterwhat coordinate
systemis chosen.

Defining a Quaternion

A quaterniorhas4 degreesof freedom soit needs4 real-valuedvariableso be defined:
q = (ap, a3, @, 83)

Imaginewe wantto do a simplebinary operationsuchassubtractionwithout having to specifythe coordinatesystem
chosen. Subtractionwill only work if the coordinatesystemsare the same,whetherit is Cartesian,sphericalor
otherwise Let €0,el,e2,ande3bethesharedbut unspecifiedbasis.Now we candefinethe differencebetweertwo
guaterniorg andq’ thatis independendf the coordinatesystemusedfor the measurement.

dg =
Q" - =((ay -ag)ey, (a1 -a;)e /3, (ay” -ay)e,/ 3, (az’ -az)ez/ 3)

Whatis unusualaboutthis definition arethe factorsof a third. They will be necessarfaterin orderto definea holo-
nomicequationaterin this section.Hamilton gave eachelementparity with the others,avery reasonabl@pproachl
have foundthatit is importantto give the scalarandthe sumof the 3-vectorparity. Withoutthis "scale” factoron the
3-vector changen thescalaris not givenits properweight.

If dgis squaredthescalampartof theresultingquaterniorformsa metric.

( e.2 e.2 0.2
dg2 = Ldaozeo2 + dalzf * d""zz% + dagz%,

\
2 daodaleo%, 2 daodazeo%, 2 daoda3e0e3—3J

In orderto make a simpleanddirect connectionto the Schwarzschildmetric of generalrelativity, let el,e2,ande3
form anindependentdimensionlessprthogonabasisfor the 3-vectorsuchthat:

1 1 1 )

—_— =E_— =-— =@
2 2 2 0
€ €z €3

This unusualrelationshipbetweerthe basisvectorsis consistentvith Hamilton’s choiceof 1, i, j, k if e0"2= 1. For
thatcase calculatethe squareof dg:

da, dag )

2 2 2
, o da;® da,® dag da1’ 2 da, 332 Zdao—J

3

, |
dq =lda0 3 3

Thescalarpartis known in physicsasthe Minkowski interval betweentwo eventsin flat spacetimelf e0"2doesnot
equalone,thenthe metricwould applyto a non-flatpeacetimeA metricthathasbeenmeasuredxperimentallyis the
Schwarzchildmetricof generarelatvity. Sete0"2= (1 - 2 GM/c"2 R), andcalculatethe squareof dq:



\

(
dg? = [day? (1 - ZSM) __ OUAdA , 2da0&, 2dao&, 2dao&
¢*R/ o1 - 28Y) 3 3 3

This is the Schwarzchild metric of generalrelativity. Notice thatthe 3-vectoris unchangedthis may be a defining
characteristic).Therearevery few opportunitiesfor freedomin basicmathematicatiefinitions. | have chosenthis
unusuakelationshipdetweerthe square®of the basisvectorsto make a resultfrom physicseasyto express.Physics
guidesmy choicesin mathematicatiefinitions:-)

An Automorphic Basisfor Quaternion Analysis

A quaterniorhas4 degreesof freedom.To completelyspecifya quaterniorfunction, it mustalsohave four degrees
of freedom. Threeotherlinearly-independentariablesinvolving q canbe definedusing conjugatessombinedwith
rotations:

q*=ageg-a;e,/3-a,e,/3-aze;z/3

Q*=-agey+a;e,/3-a,e,/3-aze;/3 = (e;qeq)”

g2 =-agep-a, e,/ 3 +a,e,/ 3-aze;/ 3= (e,qe€,)*

The conjugateasit is usuallydefined(g*) flips the signof all but the scalar The g*1 flips the signsof all but the el
term,andqg*2 all but thee2term. Thesetq, g*, g*1, g*2 form the basisfor quaternioranalysis.The conjugateof a
conjugateshouldgive backthe original quaternion.

*1

@9*=q, @*H*=q, (@2 =q

Somethingsubtlebut perhapdirectly relatedto spinhappendooking athow the conjugate®ffect products:

@a’)*=aq*q*

rxl %1 *2 2
’

(@a)*t=-q*g*, (qg)*?=-q9**q*

(q q,q q,)*l - q/*l q*lqr*l q*l
The conjugateappliedto a productbringsthe resultdirectly backto the reverseorderof the elements.Thefirst and

secondconjugategoint thingsin exactly the oppositeway. The propertyof going "half way around”is reminiscent
of spin. A tighterlink will needto beexamined.

Futur e Timelike Derivative

Insteadof the standardapproachto quaternionanalysiswhich focuseson left versusright derivatives,| concentrate
ontheratio of scalardo 3-vectors.This is naturalwhenthinking aboutthe structureof Minkowski spacetimewhere
the ratio of the changein time to the changein 3-spacedefinesfive separateegions: timelike past,timelike future,
lightlike past,lightlike future,andspacelile. Thereareno continuous_orentztransformationgo link theseregions.
Eachregionwill requirea separatelefinition of the derivative, andthey will eachhave distinctproperties.| will start
with the simplestcaseandlook ata seriesof examplesin detail.

Definition: Thefuturetimelike derivative:

Considera covariantquaternionfunction f with a domainof H anda rangeof H. A future timelike derivative to be
defined,the 3-vector mustapproachzero fasterthanthe positive scalar If this is not the case,thenthis definition
cannotbe used. Implementingtheserequirementsnvolvestwo limit processeappliedsequentiallyto a differential
quaterniorD. Firstthelimit of the threevectoris takenasit goesto zero, (D - D*)/2 -> 0. Secondthelimit of the
scalaris taken, (D + D*)/2 -> +0 (theplus zeroindicatesthatit mustbe approachedvith atime greaterthanzero,in
otherwords,from thefuture). The neteffect of thesetwo limit processess thatD->0.



af (q, 9*, g*, g*?) _
aq N

= limit  as (d, 6)_ > +0

(imit s (d, D)->
(0.8 r a+ (¢ B), % 0 0) -1 @ a0t ad) (e, B) )
Thedefinitionis invariantundera passie transformatiorof the basis.

The4 realvariablesa0,al,a2,a3canberepresentely functionsusingthe conjugatesasabasis.

_€(9+Q9*)
B 2
P G i B C X i
T (-213) T (=213)

f(a, 9% a*, g*?) = a,

e, (9+g*?)  (g+g¥e,

f=a,= (-213) ~ (-2/3)

e3(q+a*+09*1 +g*%)  (q+q* +g*l +g*%)e;
(2/ 3) N (2/ 3)

Begin with a simpleexample:

_e(a+qg*)
n 2

f=a3=

f(q, a*, g*, 9*?) = a,

aa,
oq

220 —im (im ((eo((a (d. B) +a) - @ +an)) (2 (. B)) 7)) -

6q*l = 6q*2 =
Thedefinitiongivesthe expectedresult.

NP

A simpleapproacto atrickier example:

_ _el(Q+q*1)
f=a-= (-2/3)

da; 9a;

lim (Iim ((el((q+ (d, B) + q*l) - (q+q*1))) ((—2/3) (d, B))_l)) = -3261

da; 9da,

3 q* - F) q*Z -
Sofar, thefang/ doublelimit processasbeenirrelevantfor theseidentity functions,becausehe differentialelement
hasbeeneliminated.Thatchangesvith thefollowing example,atricky approactto the sameresult.

* *1 *2\ _ _ (q+q*l)e1
fa ana a?) =a, == o=
6a,; da; _
aq - aq*l -

=tim (im (((a+ (d. B) +a*t) - @+a™)e; (-2/3) (d, B)) 7)) -

= tim (im ((d, B)e, (-2/3) (d, B))'l)) -

=im ((d, S)el((_zls) (. 6))-1) i _3281
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Becausehe 3-vectorgoesto zerofasterthanthe scalarfor the differentialelement,after the first limit processthe
remainingdifferentialis a scalarsoit commuteswith arny quaternion.Thisis whatis requiredto dancearoundthe el
andleadto thecancellation.

Theinitial hypothesisvasthatcomplec analysisshouldbe a self-evidentsubsebf quaternioranalysis.Sothis quater
nion derivative shouldmatchup with the complex casewhichis:

zZ=a+bi, b= (Z-2%2i
ab i ab

ez 2 ~az*
Thesearethesameresultup to two subedits Quaternionhave threeimaginaryaxes,which createghefactorof three.
The conjugateof a complex numberis really doingthe work of thefirst quaternionconjugateg*1 (which equals-z*),

because* flips the signof thefirst 3-vectorcomponentput no others.

Thederwative of a quaterniorappliesequallywell to polynomials.

let f =q?

2wt (im (o (0. 8))°-o7) (e )] -
= lim (Iim ((q2 +q(d, 'D‘) + (d, 'D‘)q + (d, 'D‘)2 -q2) (d, B)'l)) -
= im (im (g + (d, B)q(a. B) "+ (d. B))) =
=lim (29 + (d, 6)) 29
This is the expectedresultfor this polynomial. It would be straightforvard to shav that all polynomialsgave the

expectedresults.

Mathematiciangnightbeconcernedy this result,becauséf the 3-vectorD goesto -D nothingwill changeaboutthe
guaternionderivative. This is actuallyconsistenwith principlesof specialrelatiity. For timelike separatedvents,
right andleft dependon theinertial referencdrame,soatimelike derivative shouldnot dependon thedirectionof the

3-vector

ol

Analytic Functions

Thereare4 typesof quaterniorderivativesand4 componenfunctions.Thefollowing tabledescribeshe 16 derivatives
for this set

\ a, a, a, ag
o & & & &
q 2 -2/3 -2/3 2/3
° €o 0 0 &3
ag* 2 2/3
3 0 e, 0 e,
o %*1 -2/ 3 2/ 3
% 0 0 €2 €3
aq*? -2/3 2/3

This tablewill be usedextensiely to evaluateif a functionis analyticusingthe chainrule. Let's seeif the identity
functionw = ¢ is analytic.

€1
let w=q = agey + a1? +a2? +ag—

Usethechainruleto calculatethe derivative will respecto eachterm:

owday _ g _1

da, 6q 22 2
owada, e e 1

da; 8q 3 (-2/3) 2

11



owda, e, e, 1
da, oq 3 (-2/3) 2
owoda; e e; 1
daz; 6q 3 (2/3) 2

Usecombinationf thesetermsto calculatethe four quaterniorderivativesusingthe chainrule.

ow
aq
owoda, ©Owodoa; ©Owda, owda; 1 1 1 1
—_———t — —— + — —L ¢ — —2 = — 4 =+ = - = =1
da, 6qg o0a; 6q ©0oa, 6q oOaz3 6q 2 2 2 2
ow o9owda, Oowdaz; 1 1 0
= — + — =7 - 5 =
8gq* dagoq* oazoq*r 2 2
ow ow da; ow da; 1 1
—*1=_ *l+_ *1 =5 - 5 = 0
aq 6a; dq 6az aq 2 2
ow ow éa, oOwadaz; 1 1
*2=7 *2+7 *2=7 ) =0
aq da,dq daz; aq 2 2

This hasthe derivativesexpectedf w=q is analyticin g.

Anothertestinvolvesthe Cauchy-RiemanequationsThe presencef the threebasisvectorschangeshingsslightly.

= e e e
- - 1 2 3
Let u = agey, V_als +a23 +a3—3

due, 8V _ oue, o8V _  odue; oV
323 - €or 5, 3 = €or 5, 3 = €o
day 3 da, day 3 da, day 3 day

This alsosolvesa holonomicequation.
(6u o8V 8V aV) (60 e, s, el
— + —+ —+ —|. + + + =
laao da; da, aa3J orFLTE2 TS

€ €2 €3
€y €p + e, + e, + e, =0
0 %0 3 1 3 2 3 3

Thereareno off diagonaltermsto compare.

This exercisecanberepeatedor the otheridentity functions.Onenoticeablechanges thattherole thatthe conjugate

mustplay. Consideitheidentity functionw = g*1. To show thatthisis analyticin g*1 requiresthatonealwaysworks
with basisvectorsof theg*1 variety.

> e e e
Let U = —ageg, V = +a;—+ - a,-2 - a;—=2

00 +d13 273 373
au, e, o8V _ oue, oV _ due; a8V
7(‘*)= €or 3, 3 = €or 2 = €o
dag 3 da; dag 3 da, day 3 daz

This alsosolvesa first conjugateholonomicequation.

[6u o8V o8V aV)

1
— + —— + —— + ——|. (Eg+ € +E, +E€5)* =
laaO oa, = oa, aa3J 0FtE1TE2 T s
e -e -e
1 2 3. _
?el——ez——es_o

-€g (-€g) + 3 3

Pawer functionscanbeanalyzedn exactly the sameway:

2 2, 2 2817 2€2
Let w=qg° = ap“eg +alT+a2 <4

2
e e e e
2%3 1 2 3
ag"—g- + 2aga e, 3t 2agase, 3 * 2 agaze, 3

2 2 2
24 2 2€1 2€2 2€3

U = ap%ep? + a,° 21— + a,°—2— + a2 =
0 ~0 1 9 2 9 3 9

<l
1

e e e
1 2 3
= 23apa,€g 3 * 2agaseq 3 * 2 agazeq 3
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oue, 2ae2e; oV
— === = ——g
day 3 3 da;

oue, 2ape’e, oV

== = —e,
dag 3 3 da,
du e, 2aye;2 oV

dag 3 3 daj

Thistime therearecrosstermsinvolved.

ou _2ae0e,® ° (v)l e

da; ° 9 da, 3

da, ° 9 da, 3

ou 235608, o (v)ze_2

ou 2aze0e52 9 (V) 3 €3
€p = = -
daz 9 da, 3

At first glance,one might think theseare incorrect, sincethe signsof the derivatives are supposeo be opposite.
Actually they are,but it is hiddenin an accountingtrick :-) For example,the derivative of u with respectto al has
afactorof e1°2,which makesit negative. The derivative of the first componenf V with respectto a0is positive.
Keepingall theinformationaboutsignsin the e’s makesthingslook non-standardyut they arenot.

Notethatthesearethreescalarequalities. TheotherCauchy-Riemanequationsvaluateto asingle3-vectorequation.
This represent$our constraintson the four degreesof freedomfoundin quaterniongo find outif afunctionhappens
to beanalytic.

This alsosolvesa holonomicequation.
(6u 8V 8V 8V) (60 re se, el
— + —+ — + —|. + + + =
laao da; da, aan orELTE2 TS

3,2 a0§0e1 e+ 2 a0§0e2 e, + 2 aogoes es
Sincepower seriescanbe analytic, this shouldopenthe doorto all forms of analysis.(l have donethe casefor the
cubeof g, andit toois analyticin q).

=2aye, =0

4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelike derivatives. Therearefive otherregionsof spacetimeo cover. The
simplestnext caseis for pasttimelike derivatives. The only changeis in the limit, wherethe scalarapproachegero
from below. Thiswill make mary derivativeslook time symmetricwhich is the casefor mostlaws of physics.

A more complicatedcaseinvolvesspacelile derivatives. In the spacelile region, changesn time go to zerofaster
thanthe absolutevalue of the 3-vector Thereforethe orderof the limit processess reversed. This time the scalar
approachesgero,thenthe3-vector Thiscreates problem becauseafterthefirstlimit processthedifferentialelement
is (0, D), whichwill notcommutewith mostquaternionsThatwill leadto thedifferentialelemenmnotcancelling.The
way aroundthisis to take its norm,whichis ascalar

A spacelile differentialelemenis definedby takingtheratio of adifferentialquaterniorelementD to its 3-vector D -
D*. Letthenormof D approactzero.To bedefined thethreevectormustapproactzerofasterthanits corresponding
scalar To make the definition non-singulareverywhere multiply by the conjugate.In the limit D D*/((D - D*)(D -
D*))* approache§l, 0), ascalar

af (q, 9*, g**, g*?) af (q, 9*, 9*, g**)* _
aq a4 B
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=limit as (0, 5)— >0(Iimit as (d, B)- > (0, B)
((f (q R (d’ -5)’ q*, q*t, q*z) ~f (@, q*, q*L, q*z)) (d’ —5)-1
(1(a+ (0.8) o ) -1 aan o o) (0. 8) 7))

To malke this concreteconsidera simpleexample,f = 2. Apply thedefinition:

Norm[zqqz] = limit ((0 B)- >O(Iimit as (d, B)- > (0, _15)

((a. B) + (0. B) (= B) (0. -B) /norm (0, B)) + (0. B))") =
The secondandfifth termsareunitary rotationsof the 3-vectorB. Sincethe differentialelementD could be pointed
arywhere thisis anarbitraryrotation.Define:

(a &) = (0. ) (a B) (0. -B)/nom ({0, B))

Substituteandcontinue:

-im (((a.B) + (2. ) + (0. 9)) (= B) + (= B) (0. B))") -

B
= lim (4aA2 + 2B.B +2B. 2D.B +2D. B, 6)

- (4aA2 +2B.B +2B. B, 6) <= |2q/?
Look athow wonderfullystrangehisis! Thearbitraryrotationof the 3-vectorB meanghatthis derivativeis boundby
aninequality If D isin directionof B, thenit will beanequality but D couldalsobein the oppositedirection,leading
to a destructionof a contritution from the 3-vector The spacelile derivative canthereforeinterferewith itself. This

is quitea naturalthing to do in quantummechanicsThe spacelile derivative is positive definite,andcould be usedto
definea Banachspace.

Defining the lightlik e derivative, wherethe changein time is equalto the changein spacewill requiremore study
It may turn out that this derivative is singulareverywhere but it will requiresomeskill to find a technicallyviable
compromisébetweerthe spacelile andtimelike derivative to synthesighelightlik e derivative.
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5 Topological Propertiesof Quaternions

(sectionunderdevelopment)

Topological Space

If we chooseo work systematicallfthroughWald's "GeneralRelativity”, thestartingpointis "Appendix A, Topolog-
ical Spaces”Roughly topologyis the structureof relationshipghatdo notchangef aspacads distorted.Someof the
resultsof topologyarerequiredto make calculusrigorous.

In this section,| will work consistentlywith the setof quaternionsH™1, or justH for short. The differencebetween
therealnumbersR andH is thatH is notatotally orderedsetandmultiplicationis notcommutatve. Thesedifferences
arenotimportantfor basictopologicalpropertiessostatementandproofsinvolving H areoftenidenticalto thosefor
R.

Firstanopenball of quaternionsieedgo bedefinedto setthestagefor anopenset. Defineanopenballin H of radius
(r, 0) centerecarounda point (y, Y) [note: smalllettersare scalars capitallettersare 3-vectors]consistingof points
(%, X) suchthat

V((x-y, X-V)*(x-y, X-Y)) < (r, 0)
An opensetin H is ary setwhich canbe expressedisa unionof openballs.

[p. 423translated]A quaterniortopologicalspace(H,T) consistsof the setH togethemwith a collectionT of subsets
of H with theseproperties:

1.Theunionof anarbitrarycollectionof subsetseachin T, isin T
2.Theintersectiorof afinite numberof subset®f T isin T
3.TheentiresetH andtheemptysetarein T

T is the topologyon H. The subsetof H in T are opensets. Quaternionform a topology becausehey arewhat

mathematiciansall a metric space sinceq* q evaluatesto a real positive numberor equalszeroonly if q is zero.

Note: thisis notthemeaningof metricusedby physicists.For example the Minkowski metriccanbenegative or zero

evenif apointis not zero. To keepthe sameword with two meaningdistinct, | will referto oneasthe topological

metric,theotherasaninterval metric. Thesedescriptve labelsarenotusedn generabkincecontext usuallydetermines
which oneis in play.

An importantcomponento standardapproacheto generalelatity is productspacesThisis how atopologyfor R"n

is created Eventsin spacetimeequireR™4, oneplacefor time, threefor space Mathematiciangetto make choices:
whatwould changef work wasdonein R"2,R"3, or R"5? The precisionof this notion, togethemwith the freedomto

male choicesmakesexploring thesedecisionsun (for thosefew who canunderstanavhatis goingon :-)

By working with H, productspacesareunnecessaryEventsin spacetimeanbe memberof anopensetin H. Time
is thescalar spacehe 3-vector Thereis no choiceto bemade.

Open Sets

The edgesf setswill beexaminedby definingboundariesppenandclosedsets,andtheinterior andclosureof a set.

| am a practicalguy who likes pragmaticdefinitions. Let the real numbersL andU represengrbitrary lower and
upperboundsrespectiely suchthatL < U. For thequaterniortopologicalspacgH, T), consideranarbitraryinduced
topology(A, t) wherex anda areelementf A. Useinequalitiesto define:
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anopenset : (L, 0) < (x-a)*(x-a) < (U, 0)

aclosed set : (L, 0) <= (x-a)*(x-a) <= (U, 0)

ahalf openset : (L, 0) <= (x-a)*(x-a) < (U, 0)

or (L, 0) < (x-a)*(x-a)<=(, 0)

aboundary : (L, 0) = (x-a)*(x-a)
Theunionof anarbitrarycollectionof opensetsis open.
Theintersectiorof a finite numberof opensetsis open.
Theunionof afinite numberof closedsetsis closed.
Theintersectiorof anarbitrarynumberof closedsetsis closed.
Clearlythereareconnectiondbetweerthe above definitions

open set union boundary - > closed set
This createsomplementarydeas.[Wald, p.424]
Theinterior of A is theunionof all opensetscontainedwithin A.
TheinteriorequalsA if andonly if A is open.
Theclosureof A is theintersectiorof all closedsetscontainingA.
Theclosureof A equalsA if andonly if A is closed.

Definea point setasthe setwherethe lower boundequalsthe upperbound. The only opensetthatis a point setis
thenull set. The closedpoint setis H. A point setfor therealnumbershasonly oneelementwhich is identicalto the
boundary A point setfor quaterniondiasaninfinite numberof elementspneof themidenticalto the boundary

Whataretheimplicationsfor physics?
With quaternionsthe existencean opensetof eventshasnothingto do with the causalityof thatcollectionof events.
anopenset : (L, 0) < (x —a)*(x-a) < (U, 0)
timelike events :scalar ((x -a)?) > (0, 0)
lightlike events :scalar ((x -a)?) = (0, 0)
spacelike events : scalar ((x -a)?) < (0, 0)

A propertime canhave exactly the sameabsolutevalueasa purespacelile separationso thesetwo will beincluded
in the samesets whetheropen,closedor onaboundary

Thereis no correlationthe reverseway either Take for examplea collectionof lightlik e events.Eventhoughthey all
shareexactly the samenterval - namelyzero- their absolutevaluecanvary all overthemap,not stayingwithin limits.

Althoughindependenthesetwo ideascanbe combinedsynenistically. ConsideranopensetS of timelike intervals.

S={x, aeH, afixed ; U,
LeR| (L, 0) < (x-a)*(x -a) < (U, 0), and scalar ((x -a)?) >0}

ThesetS coulddepictaclassicalworld historysincethey arecausallylinkedandhave goodtopologicalproperties A
closedsetof lightlik e eventscouldbe a focusof quantumelectrodynamicsTopologyplus causalitycould be the key
for subdviding differentregionsof physics.

Hausdorf Topology
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This propertyis usedto analyzecompactnesssomethingyital for rigorously establishinglifferentiationandintegra-
tion.

[Wald p424] The quaterniortopologicalspace(H, T) is Hausdorf becauséor eachpair of distinctpointsa,b EH, a
notequalto b, onecanfind opensetsOa,Ob E T suchthata E Oa,b | Obandtheintersectiorof OaandObis thenull
set.

For example find the half-way point betweera andb. Let thatbetheradiusof anopenball aroundthe pointsa andb:
let (r,0)=(a-b)*(a-b)/4
Oa={a, xeH, ais fixed ,reR|(a-x)*(a-Xx)<r}
Ob={b, xeH, bis fixed ,reR|(b-x)*(b-x)<r}

Neithersetquitereacheshe other, sotheirintersectioris null.

Compact Sets

In this section,| will begin aninvestigationof compactsetsof quaternionsl hopeto sharesomeof my insightsinto
this subtlebut significanttopic.

Firstwe needthe definitionof acompactsetof quaternions.

[Translationof Wald p. 424] Let A be a subsetof the quaterniondH. SetA could be openedclosedor neither An
opencoverof A is theunionof opensets{ Oa} thatcontainsA. A unionof opensetsis openandcouldhave aninfinite
numberof membersA subsebf {Oa} thatstill coversA is calleda subcwer. If the subcaver hasa finite numberof
elementst is calledafinite subcwer. ThesetA subsebf H is compactf every opencover of A hasafinite subcwer.

Let's find an exampleof a compactsetof quaternions.Considera setS composedf pointswith a finite numberof
absolutevalues:

S={x1,x2,...,xneH; al, a2, ..., aneR,
nis finite | (x1 %*x1)0.5=(al, 0), (x2%*x2)°0.5= (a2, 0), ...}

The setS hasaninfinite numberof memberssincefor ary of the equalities specifyingthe absolutevaluestill leaves
threedegreesof freedom(if the domainhadbeenx E R, thenS would have hada finite numberof elements) The set
S canbe coveredby anopenset{O} which could have aninfinite numberof members Thereexistsa subset{C} of
{O} thatis finite andstill coversS. Thesubset{ C} would have onememberfor eachabsolutevalue.

C= {ye {0}, eeR e>0l (al -e) <vy*y < (al +e, 0),
(a2 -e) <Vy*y< (a2 +e, 0), ..., oneyexists for each inequality }
Every setof quaterniongomposeaf afinite numberof absolutevalueslik e the setSis compact.

NoticethatthesetSis closedbecausdt consistof aboundarywithoutaninterior. Thelink betweercompactclosed
andboundsetis important,andwill be examinednext

A compactsetis a statementboutthe ability to find a finite numberof opensetsthat cover a set, given ary open
cover. A closedsetis theinterior of a setplusthe boundaryof thatset. A setis boundif thereexistsarealnumberMv
suchthatthe distancebetweera pointandany memberof the setis lessthanM.

For quaternionsvith thestandardopology, in orderto have afinite numberof opensetsthatcovertheset,the setmust
necessarilyncludeits boundaryandbe bound.In otherwords,to be compacts to be closedandbound,to be closed
andboundis to be compact.

[Wald p. 425] Theoreml (Heine-Borel).A closedinterval of quaternionss:
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S= {er, a, beR a<b! (a, 0) <= Vx*x <= (b, 0)}
with the standardopologyonH is compact.

Wald doesnot provide a proof sinceit appearsn mary bookson analysis. Invariably the Heine-BorelTheorem
employs the domainof therealnumbersx E R. However, nothingin that proof changedy usingquaternionsasthe
domain.

[Wald p. 425] Theorem?. Let thetopology(H, T) be Hausdorf andlet the setA subsebf H becompact.ThenA is
closed.

Theorem3. Let thetopology(H, T) becompaciandlet the setA subsebf H beclosed.ThenA is compact.
Combinethesetheoremso createa strongerstatemenbn the compactnesef subset®f quaternionsd.
Theoremd. A subsetA of quaternionss compactf andonly if it is closedandbounded.

The propertyof compactness easilyprovedto be preseredundercontinuousmnaps.

Theoremb. Let (H, T) and(H’, T') betopologicalspacesSuppose€H, T) is compactandthefunctionf: H -> H’ is
continuousThef[H] = {h’ EH’ | h’ = f(h)} is compact.This createsa corollary by theorermd.

Theorem6. A continuoudunctionfrom a compactopologicalspaceinto H is boundandits absolutevalueattainsa
maximumandminimumvalues.

[endtranslationof Wald]

R™1 versusR™n

It is importantto note that thesetheoremsfor quaternionsare build directly on top of theoremsfor real numbers,
R™1. Only the domainneedsto be changedo H™1. Wald continueswith theoremson productspacesspecifically
Tychonof’s Theoremsothatthe above theoremsanbe extendedto R™n. In particular the productspaceR™4 should
have the sametopologyasthe quaternions.

Hopefully, subtletymattersin the discussiorof the logical foundationsof generalrelatvity. Both R™1 andH"1 have
a rule for multiplication, but H"1 hasan antisymmetriccomponent.This is a descriptionof a difference.R"4 does
not comeequippedwith a rule for multiplication, soit is qualitatively different,evenif topologically similar to the
guaternions.
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