P&S Problem 2.1: Classical electromagnetism

2.1 (a) Find the Maxwell equations from the action.

1. Start with the classical electromagnetic action, no sources:

S= [da' § (Auy— Ay ) (AP — AVH).

2. Take the variation of the action:
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The first term is zero.

3. Apply the chain rule to §A*":
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There is a theorem from Gauss that says the first term above is zero.

4. The action will be an extremum if 65 = 0. This will always be the case if the inte-
grand is zero:
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5. Write out (A, — Ay )

0 _0Az B¢ _ DAy 99 _0Ar 09
ot Oz ot Oy ot Oz
c%%—agtz 0 —cac,;iy—f—ca;yz —ca{;iz—f—ca;m
c%+% —cagy’”-i-cf);y 0 _ca(;zz +c‘9;‘zy
c%+% —ca;w—i-ca‘;z —08;y+c% 0

6. Contract F), with the contravariant derivative -*. Apply each derivative along a
row with negative signs for the spatial ones, and sum up the columns to get the
four source Maxwell equations:
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Theses are Gauss and Ampere’s laws.

The homogeneous equations are vector identities.



2.2 The energy and momentum densities.

First calculate the energy density from the Hamiltonian density.

1. Start from the Lagrange density:
L£=— (Au v — Ay ) (ARY — AV,

2. Write out all the components:
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3. Calculate the connonical momentum density conjugate to A*:
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4. Calculate the Hamiltonian density which is the 00 component of the stress energy
tensor, minus terms to make the stress energy tensor symmetric:
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Determine the momentum density along one coordinate.

1. Start with the Hamiltonian density:
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2. Generalize to make it a manifestly covariant second rank stress-energy tensor 7#":
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3. Focus on one off-diagonal term:
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4. Contract:
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5. Subtract V - AiE, a factor need to make 7"’ symmetric:
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