
1 Einstein’s vision II: A unified forceequation with constantvelocity solu-
tions

Abstract

In quantumelectrodynamics,photonshavefour modesof transmission,at leastmathematically:two transversemodes
for electrodynamics,a longitudinal,anda scalarmode.Theprobabilitiesof thelast two modescanceleachotherout
for photonsin avacuum,but thatdoesnothaveto bethecasefor anonhomogeneousequation.Onepotentialsolution
to thefield equationsis foundwhich dependon theinverseof aninterval betweentwo eventssquared.Theforcefield
createdby thepotentialis constructedby comparisonwith theclassicalNewtoniangravitationalfield. TheLagrange
densityL � scalar(-(JA*) - 1/2 Box* A Box A*) cancontribute to a scalarmode,but still hasthefield equationsof
Maxwell with the choiceof the Lorenzgauge.A relativistic force equationis proposed,createdby the productof
charge, normalizedforce field, and4-velocity: dmU/dtau � kq Box* A/

�
A
�
U*. The solutionto the force equation

usingtheinversesquareinterval potentialis found. Eliminatingtheconstantsgeneratesa metricequation,(dtau)ˆ2 �
eˆ-(2GM/cˆ2tau)dtˆ2 - eˆ(2GM/cˆ2tau)dRˆ2,wheretauis a lightlike interval with almostthesamemagnitudeasthe
radiusR of separationbetweensourceandtestmasses.For a weakgravitationalfield, themetricwill passthesame
testsasthe Schwarzschildmetric of generalrelativity. The two metricsdiffer for higherorderterms,which makes
theproposedmetricdistinctandtestableexperimentally. A constant-velocitysolutionexistsfor thegravitationalforce
equationfor a systemwith anexponentially-decayingmassdistribution. Thedarkmatterhypothesisis not neededto
explain theconstant-velocityprofilesseenfor somegalaxies.Gravity is a metrictheory, electromagnetismis not. By
usingRiemannianquaternionswhichcanhavedynamicbasisvectors,it becomespossibleto mergemetrictheorywith
thelinearMaxwell equations.Theproposalmayalsohave implicationsfor classicalbig bangtheory.

An opportunity for classicalgravity?

Theelectrodynamicfield canbequantizedin amanifestlycovariantform by fixing thegauge(K. Bleuler, Helv. Phys.
Acta, 23:567,1950,andS. N. Gupta,”Theory of longitudinalphotonsin quantumelectrodynamics”,Proc. Phys.
Soc.,63:681-691). The startingpoint is the 4-potentialAˆmu. Thereare four modesof transmissionfor photons
correspondingto thefour degreesof freedom:two transverse,onescalar, andonelongitudinal.Guptacalculatedthat
”the probabilityof theemissionof a real longitudinalphotonis canceledby the’negativeprobability’ of theemission
of a correspondingscalarphoton.” He notesthat this doesnot alwayshave to be the casefor the nonhomogeneous
Maxwell equations,which is the focusof this work. A scalarphotonwould not changesignsundera spaceor time
reversal,soits symmetryis differentfrom theelectric3-vectorfield andthemagnetic3-pseudo-vectorfield, andthus
doesnot haveanobviousrole to play in electrodynamics.

My hypothesisis thatthescalarandlongitudinalphotonsfor theelectromagneticfield constitutegravity. Thehypoth-
esismakesseveralpredictionsevenat this preliminarystage.First, themathof gravity andelectromagnetismshould
besimilarbut not identical.Theinversesquareform of Newton’s law of gravity wasadirectinspirationfor Coulomb’s
law. Gravity shouldbemoresymmetricthanelectromagnetismbecausethemodeis scalar, insteadof transverse.The
secondrankfield strengthtensorin generalrelativity is symmetricwhile theanalogoustensorfor theelectromagnetic
field is antisymmetric. Sincethe modeof gravity is orthogonalto electromagnetism,the chargescanbe likewise,
so therewill beno simplerelationshipbetweengravitationalcharge(mass)andelectriccharge. Gravitationalwaves
in generalrelativity aretransverse,so this proposalis distinct from generalrelativity. Natureexploits all the math
available,soit is unreasonableto supposethatscalarandlongitudinalphotonsareneverusedfor anything. Whatever
phenomenonexploits thescalarandlongitudinalphotonsmustbesimilar, but just asimportantaselectromagnetism.
Gravity is anaturalcandidate.
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A gravitational field insideMaxwell

Newton’sclassicalgravitationallaw arisesfrom a scalarpotential.Hereis thescalarfield equation:
� 2 ��� 4� G�

For thecaseof a vacuum,whenrho � 0, this is known astheLaplaceequation.For a sphericallysymmetricsource,
onesolutionis:

���
	 GM

x2 � y2 � z2

Theproblemwith thefield equationis thattheLaplaceoperatordoesnothaveatimedifferentialoperator. Any change
in in the massdensitypropagatesat infinite speed,in conflict with specialrelativity (MTW, chapter7). Oneway to
derivethefield equationsof generalrelativity involvesmakingNewton’s law of gravity consistentwith thefinite speed
of light.

A way to repairthefield equationsis to usetheD’Alembertianoperator, which is four dimensional.Thatexpression
is identicalto theAˆ0 componentof theMaxwell equationswith thechoiceof theLorenzgauge.Thesourcesareof
coursedifferent.Yet theargumentbeingmadehereis thattherearedegreesof freedomwhichhaveyet to beexploited.
For thetwo degreesof freedom,wecanhaveadifferentsourceterm,mass:
� 2A � 4��
 kJ charge

� GJmass �
If oneis studyingscalaror longitudinalmodes,thesourceis J mass,themasscurrentdensity. If oneis working with
transversemodes,thesourceis J chargeˆmu, theelectricchargedensity. Sincethemodesareorthogonal,thesources
canbealso.

To beconsistentwith theclassicscalarpotentialyet still berelativistic, thepotentialmusthave xˆ2, yˆ2, zˆ2,andtˆ2.
Thissuggestsa particularsolutionto thefield equations:

A � 1

c2 t 2 	 x2 	 y2 	 z2 , �0 � 1� 2 , �0
This potentialis interestingfor severalreasons.It is theinverseof theLorentz-invariantinterval squared.Like mass,
the4-potentialwill notbealteredby achangein aninertial referenceframe.Theinterval betweenany two eventswill
contribute to the potential. Generalrelativity appliesto any form of energy, including gravitational field energy. A
potentialthatembracesevery interval mayhavea broadenoughscopeto do thework of gravity.

The potentialalsohasseriousproblems. Classicalgravity dependson an inversesquareforce field, not an inverse
squarepotential.Taking thederivative of thepotentialputsa forth power of the interval in thedenominator. At this
point, I couldstopandsaythat this potentialhasnothingto do with gravity becauseit hasthewrongdependenceon
distance.An alternative is to look for an algebraicway to repairtheproblem. This is the typeof approachusedby
theearlyworkersin quantummechanicslike deBroglie, andwill beadoptedhere. Theequationsof motioncanbe
normalizedto themagnitudeof the4-potential:� 2A�

A
� � 4��
 kJ charge

� GJmass �
Sincethemagnitudeof thepotentialis theinverseinterval squared,theresultingequationhasonly aninterval squared
in thedenominator. An interval is not necessarilythesameasthedistanceR betweenthesourceandtestmassusedin
theclassicaltheory. However, I canimposeaselectionrule thatin theclassicallimit, theonly eventsthatcontributeto
thepotentialarethosethataretimelike separatedbetweenthesourceandthetestmasses.It takesa timelike interval
to know thatthesourceis adistanceR away. Action-at-a-distancerespectsthespeedof light asit must.

Search for the sourcemass

Whereis thesourcemassin thepotential?All thathasbeendiscussedsofar is aninterval, a distance,nothingabout
mass.An ideafrom generalrelativity will be borrowed,thatmasscanbe treatedgeometricallyif multiplied by the
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constantsG/cˆ2. The distancebetweenthe Earthandthe Sunis approximately1.5x10ˆ11m, while the Sun’s mass
expressedin unitsof distance,GM Sun/cˆ2,is 1.5x10ˆ3m, eightordersof magnitudesmaller. Theoverall lengthof
the interval will not be changednoticeablyif the spatialseparationandthe Sun’s massexpressedasa distanceare
summed.However, theforcefield is thederivativeof thepotential,andany changein positionin spacetimewill havea
fargreatereffectproportionallyon thesmallergeometricmassthanthespatialseparation.Makethefollowing change
of variables:

t 	 > t � � A � GM

2c 2A
t

�R	 > �R� � �B � GM

2c 2 � �B � �R
whereA andB arelocally constantssuchthat tauˆ2˜ � Aˆ2 - Bˆ2. The changeof variablesis valid locally, but not
globally, sinceit breaksdown for arbitrarily long time or distanceaway. Generalrelativity is alsovalid locally, not
globally.

What is the physical interpretationof the inversesquarepotentialand the above substitution? Newton observed
that motion in an ellipsecould be causedby eithera linear centralforce or an inversesquarelaw. With the above
substitution,thereis a linear displacementequationinsidean infuserssquarepotential. It is like a simpleharmonic
oscillatorinsideasimpleharmonicoscillator!Thisoscillatorworkswith four dimensions.Althoughit is confusingto
confronttheideaof oscillationsin time, thereis no needworry aboutit, sincetheequationsarequitesimpleandtheir
mathematicalconsequencescanbeworkedout. If all thetermswhereincluded,theequationwould benonlinear.

The field is the derivative of the potential. To be correcttechnically, it is the contravariantderivative. This requires
both a metric anda connection.In effect, all the work presentedwith quaternionsusesthe Minkowski metric with
Cartesiancoordinates.For sucha choiceof metric andcoordinates,the contravariantderivative equalsthe normal
derivative. The derivative of the potentialunderstudy, a normalizedinterval squaredwith the linear displacement
substitution,is approximately:

1
1� 2

� 1� 2�
t
��	 GM

c2 � 2

1
1� 2

� 1� 2� �R � GM

c2 � 2

Thisshouldlook familiar, rememberingthatemploying theeventselectionrule from above,themagnitudeof tauˆ2 is
almostthesameasRˆ2,differingonly by thegeometricmassof thesource.

A Lagrangian for four modes

Despiteits formulationusingquaternions,thisunificationproposalis strikingly similar to earlierwork. Guptawanted
to quantizethe radiationfield usinga form thatwasmanifestlycovariantin its explicit treatmentof time andspace.
He fixedthegaugewith this Lagrangedensity:

L �
	 J � A� 	 1

2

 � � A� � 2 	 1

4

 � � A� 	 � � A� � 
 � � A� 	 � � A� �

Theequationsof motionfor this LagrangianarethesameaschoosingtheLorenzgauge:
� 2A� � J �

Theproblemwith theLagrangianis thatthefield strengthtensoris antisymmetric.Dueto thezerosalongthediagonal,
it cannotcontributedirectly to a scalarmode.What is neededis a Lagrangedensitythatcouldcontributedirectly to
thescalarmodebut still have thesamefield equations.Hereis suchaLagrangian:

L � scalar 	 JA � 	 1

2
� � A� A �
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This is not as miraculousas it might first appear. It is the first of four termsgeneratedin the contractionof the
electromagneticfield strengthtensor. In essence,informationis not discarded,which is whathappensin makingthe
field strengthtensorantisymmetric.

From a relativistic 4-forceto a metric

A relativistic 4-forceis the changein momentumwith respectto the interval. The covariantforce law is similar in
form to theonefor electromagnetismexceptthatthesecondranktensoris asymmetricandnormalized:

F � � p� � � mc
���� � � � c

�
m� � � k q

� � A ��
A
� � �

If thisequationis to transformliketheLorentz4-forceof electromagnetism,thenormalizedpotentialmustbeinvariant
underaLorentztransformation.Thatis thecaseof thepotentialunderstudy.

In the first applicationof the force law, assumethe derivative of the masswith respectto the interval is zero. For
the scalarphotons,assumethe chargeq is the gravitational testmass.Experimentshave demonstratedthatgravita-
tional andinertial massesareequal.Assumingsphericalsymmetry, theinverseinterval squaredpotentialleadsto the
following equationsof motion:������ � 2 t� � 2

� GM

c2 � 2

�
t� � ,

� 2 �R� � 2
	 GM

c2 � 2

� �R� �
�     ! � 0, �0

Solve thesesecond-orderdifferentialequationsfor thespacetimeposition:

t � c1

������ � e
GM

c2 " 	 GM

c2 Ei
GM

c2 �
�     ! � C2

�R � �C
1

������ � e # GM
c2 " � GM

c2 Ei 	 GM

c2 �
�     ! � �C

2

whereEi is theexponentialintegral,Ei(t) � theintegral from negative infinity to t of eˆt/t dt. Theexponentialintegral
playsotherrolesin quantummechanics,soits presenceis interesting.

Eight constantsneedto be eliminated:(c1, C 1) and(c 2, C 2). Take the derivative of the spacetimepositionwith
respectto tau.This eliminatesfour constants,(c 2, C 2). Theresultis a4-velocity:�

t� � � c1 e
GM

c2 " 0x1c

� �R� � � �C
1

e # GM
c2 " 0x1c

In flat spacetime,beta mubetaˆmu� 1, providing four moreconstraints.Spacetimeis flat if M goesto 0 or taugoesto
infinity, leadingto eˆ(GM/cˆ2

�
tau

�
) goesto 1:

�
t� �

2 	 ������ � �R� �
�     !%$

������ � �R� �
�     ! � c1

2 	 �C
1 $ �C

1

� 1

Solve for c 1ˆ2andC 1.C 1:

c1
2 � e # GM

c2 " 0x1c

�
t� �

�C
1 $ �C

1

� e
GM

c2 " 0x1c

� �R� �
Substitutebackinto theflat spacetimeconstraint.Rearrangeinto a metric:

� � 2 � e # 2 GM
c3 " 0x1c

�
t 2 	 e

2 GM
c3 " 0x1c

� �R 2

If thegravitationalfield is zero,thisgeneratestheMinkowski metricof flat spacetime.Conversely, if thegravitational
field is non-zero,spacetimeis curved
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As expected,this becometheMinkowski metricfor flat spacetimeif M goesto 0 or taugoesto infinity.

No formal connectionbetweenthis proposalandcurvaturehasbeenestablished.Insteada pathbetweena proposed
gravitational forceequationanda metric functionwassketched.Thereis a historicalprecedencefor theline of logic
followed. Sir IsaacNewton in the Principiashowedan importantlink betweenforceslinear in positionandinverse
squareforcelaws. Moremoderneffortshaveshown thatthereasonfor theconnectionis dueto theconformalmapping
of z goesto zˆ2(T. Needham,”Newtonandthetransmutationof force,” Amer. Math. Mon.,100:119-137,1993).This
methodwasadaptedto a quaternionforcelaw linearin therelativistic velocity to generatea metric.

For a weakfield, write the Taylor seriesexpansionin termsof the total massover the interval to second-orderin
M/

�
tau

�
:

� � 2 � 1 	 2
GM

c2 � � 2
GM

c2 �
2 �

t 2 	
	 1 � 2

GM

c2 � � 2
GM

c2 �
2 � �R 2 � O

GM

c2 �
3

Contrastthis with the Schwarzschildsolutionin isotropiccoordinatesexpandedto secondorderin M/R (MTW, eq.
31.22):

� � 2 � 1 	 2
GM

c2R
� 2

GM

c2R

2 �
t 2 	

	 1 � 2
GM

c2R
� 2.5

GM

c2R

2 � �R 2 � O
GM

c2R

3

The magnitudeof the lightlike interval tau in the unified field metric is nearly identical to the radius R in the
Schwarzschildmetric, the differencebeing the geometricmassof the sourceincluded in the interval tau . The
metric for thescalarpotentialwill passthesameweakfield testsof generalrelativity astheSchwarzschildmetric to
post-Newtonianaccuracy, which doesnot usethesecondorderspatialterm. Thedifferencein thehigherorderterms
canbethebasisof anexperimentaltestto distinguishthis proposalfrom generalrelativity. Sincetheeffect is second
orderin thefield strength,sucha testwill challengeexperimentaltechniques.

Thetwometricsarenumericallyverysimilarfor weakfields,but mathematicallydistinct.Forexample,theSchwarzschild
metric is static,but theunifiedmetriccontainsa dependenceon time sois dynamic.TheSchwarzschildmetrichasa
singularityat R� 0. Theunifiedgravitational forcemetricbecomesundefinedfor lightlike intervals. This might pose
lessof a conceptualproblem,sincelight hasno restmass.

The constantvelocity profile solution

In theprevioussection,thesystemhadaconstantpoint-sourcemasswith avelocityprofile thatdecayedwith distance.
Heretheoppositesituationis examined,wherethevelocityprofile is aconstant,but themassdistributiondecayswith
distance.Expandthedefinitionof therelativistic forceusingthechainrule:

c
�
m
�� � � mc

���� � � � c
�

m� �
The first term of the force is the onethat leadsto an approximationof the Schwarzschildmetric,andby extension,
Newton’s law of gravity. For a region of spacetimewherethe velocity is constant,this term is zero. In that region,
gravity’seffect is onthedistributionof massoverspacetime.Thisnew gravitationaltermis notdueto theunifiedfield
proposalperse.It is morein keepingwith theprinciplesunderlyingrelativity, looking for changesin all components,
in this casemassdistributionwith respectto spacetime.

Startwith thegravitationalforcein a regionof spacetimewith no velocitychange:

�
c
�
mi� � � k mg Scalar 
 � � A � � � �
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Make thesameassumptionsasbefore: thegravitationalmassis equalto the inertial massandthegravitationalfield
employs the interval betweenthe worldlinesof the testandgravitationalmasses.This generatesanequationfor the
distributionof mass:������'& � m� � �

&
GM

c2 � � � 2 m,
& �� � m� � 	

& �� GM

c2 � � � 2 m

�     ! � 0, �0
Solve for themassflow:

&
m,
& �� m � ������ c e

GM
c2 ( ")( 0x1c , �C e # GM

c2 ( ")( 0x1c

�     !
As in the previousexamplefor a classicalweakfield, assumethe magnitudeof the interval is an excellentapproxi-
mationto theradiusdividedby thespeedof light. Thevelocity is a constant,soit is themassdistribution thatshows
anexponentialdecaywith respectto theinterval, which is numericallyno differentfrom theradiusover thespeedof
light. This is a stablesolution.If themasskeepsdroppingof exponentially, thevelocityprofilewill remainconstant

Look at theproblemin reverse.Thedistribution of matterhasanexponentialdecaywith distancefrom thecenter. It
mustsolvea differentialequationwith thevelocityconstantover thatregionof spacetimelike theoneproposed.

Theexponentialdecayof themassof a diskgalaxyis only onesolutionto this expandedgravitationalforceequation.
Thebehavior of largersystems,suchasgravitationallensingcausedby clusters,cannotbeexplainedby theNewtonian
term (A. G. Bergmann,V. Petrosian,andR. Lynds, ”Gravitational lens imagesof arcsin clusters,” Astrophys. J.,
350:23,1990. S. A. GrossmanandR. Narayan,”Gravitationally lensedimagesin abell 370,” Astrophys. J., 344-
637-644,1989. J. A. Tyson,F. Valdes,andR. A. Wenk, ”Detectionof systematicgravitational lensgalaxy image
alignments:Mappingdarkmatterin galaxyclusters,” Astrophys.J. Let., 349:L1,1990). It will remainto beseenif
this proposalis sufficient to work on thatscale.

Metrics and forces

Gravity wasfirst describedasa forceby IsaacNewton. In generalrelativity, Albert Einsteinarguedthatgravity was
nota forceatall. Rather, gravity wasRiemanniangeometry, curvatureof spacetimecausedby thepresenceof amass-
energy density. Electromagnetismwasfirst describedasa force, modeledon gravity. That remainsa valid choice
today. However, electromagnetismcannotbe depictedin purely geometricterms. A conceptualgapexistsbetween
purelygeometricalandforcelaws.

Thegeneralequivalenceprinciple,introducedin thefirst paperof this series,placesgeometryandforcepotentialson
equalfooting. Riemannianquaternions,(a 0 i 0,a 1 i 1/3,a2 i 2/3,a3 i 3/3), haspairsof (possibly)dynamicterms
for the4-potentialA andthe4-basisI. Gauss’law writtenwith Riemannianquaternionpotentialsandoperatorsleads
to this expression:
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� 4�*� , n � 1, 2,3

If thedivergenceof theelectricfield E waszero,thenGauss’law would bedueentirelyto thedivergenceof thebasis
vectors. The reversecasecould alsohold. Any law of electrodynamicswritten with Riemannianquaternionsis a
combinationof changesin potentialsand/orbasisvectors.

Future dir ections

An algebraicpathbetweena solutionto the Maxwell equationsanda classicalmetric gravitational theoryhasbeen
shown. No effort hasbeenextendedyet to quantizethe unificationproposal.Like the early work in quantumme-
chanics,a collectionof hunchesis usedto connectequations.Oneis left with thequestionof why this might work?
Theactionof a gaugeinvarianttheorycannotbe invertedto generatethepropagatorneededfor quantummechanics.
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Fixing thegaugemakestheactioninvertible,but theadditionalconstraintdecreasesthedegreesof freedom.By using
quaternions,a division algebra,theequationis necessarilyinvertiblewithout imposinga constraint.If theoperation
of multiplicationsurpasseswhatcanbedonewith division, thenNaturecannotharnessthemostrobustmathematical
structure,atopologicalalgebraicfield, thefoundationfor doingcalculus.Naturedoescalculusin four dimensions,and
it is this requirementthatfixesthegauge.In thefuture,whenweunderstandhow to docalculuswith four-dimensional
automorphicfunctions,wemayhaveadeepappreciationof Nature’smethods.

Thereis a physicalexplanationfor gravity - it is a local, nonlinear, four-dimensionalsimple harmonicoscillator.
Gravity is all aboutoscillations.TheEarthreturnsto approximatelythesameplaceafteroneyearof travel. If there
wereno interferingmatterin theway, anappledroppedwould fall to thecenterof theEarth,reachtheotherside,and
returnin a little over eighty minutes. The metric equationthat resultsfrom this analysisis within the experimental
constraintsof currenttestsof generalrelativity. Thatmakestheproposalreasonable.For higherordertermsof aweak
field, the proposalis differentthanthe Schwarzschildmetric of generalrelativity. That makesit testable.Thereare
very few reasonable,testableclassicalunifiedfield theoriesin physics,sothis aloneshouldsparkinterestin this line
of work.

For a spiralgalaxywith anexponentialmassdistribution, darkmatteris no longerneededto explain theflat velocity
profile observed or the long term stability of the disk. Massdistributedover large distancesof spacehasan effect
on the massdistribution itself. This raisesan interestingquestion: is therealsoan effect of massdistributedover
largeamountsof time? If theansweris yes,thenthis might solve two analogousriddlesinvolving largetime scales,
flat velocity profilesandthestability of solutions.Classicalbig bangcosmologytheoryspansthe largesttime frame
possibleand facestwo suchissues.The horizonprobleminvolvesthe extremelyconsistentvelocity profile across
partsof the Universethat arenot casuallylinked (MTW, p. 815). The flatnessproblemindicateshow unstablethe
classicalbig bangtheoryis, requiringexceptionalfinetuningto avoid collapse.Considerableeffort will berequiredto
substantiatethis tenuoushypothesis.Any insight into theorigin of theunifiedenginedriving theUniverseof gravity
andlight is worthwhile.
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