1 ClassicalElectrodynamics

Maxwell speculatedhatsomedayquaternionsvould be usefulin the analysisof electromagnetisnHopefully aftera

130yearwait, in this notebookwe canbegin thatprocessThis approactrelieson ajudicioususeof commutator&nd
anticommutators.

The Maxwell Equations

The Maxwell equationsare formed from a combinationsof commutatorsand anticommutatorof the differential
operatorandtheelectricandmagnetidields E andB respectiely (for isolatedchagesin avacuum.
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where even(A, B) = AB; BA, odd (A, B) = AB; BA

Thefirst quaterniorequationembodiegshe homogeneouMaxwell equations.The scalarterm saysthatthereareno
magnetianonopolesThevectortermis Faradayslaw. Thesecondjuaterniorequations thesourceterm. Thescalar
equationis Gauss’'law. Thevectortermis Ampereslaw, with Maxwell’s correction.

The 4-Potential A

Theelectricandmagnetidields areoftenviewedasarisingfrom the same4-potentialA. Thesecanalsobe expressed
easilyusingquaternions.

e =vector (even((agt, —3), (¢, —K))) - [0’ _ZT_A\ —$¢\

6 - odd ({57, ), (o )] - (0. 9x7)

The electricfield E is the vector part of the anticommutatorf the conjugatesof the differential operatorand the
4-potential. The magnetidfield B involvesthe commutator

Theseformscanbedirectly placedinto the Maxwell equations.
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The homogeneoutermsareformedfrom the sumof both ordersof the commutatorandanticommutatarThe source
termsarisefrom the differenceof two commutatorandtwo anticommutators.

The Lor entz Force

ThelLorentzforceis generategimilarly to the sourcetermof the Maxwell equationsbut therea smallgamerequired
to getthesignscorrectfor the 4-force.
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Thisis thecovariantform of the Lorentzforce. Theadditionalminussignrequiredmaybe a corventionhandeddown
throughtheages.

Consemwation Laws

Thecontinuityequation—conseationof chaige—isformedby applyingthe conjugateof thedifferentialoperatotto the
sourcetermsof the Maxwell equations.
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Theupperis zero,sothedot productof the E field andthe currentdensityplustherateof changeof thechagedensity
mustequalzero. Thatmeanghatchageis consered.

Poynting’stheoremfor enegy conserationis formedin a very similar way, exceptthatthe conjugateof electricfield
is usedinsteadof the conjugateof the differentialoperator
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Additional vectoridentitiesarerequiredbeforethefinal form is reached.
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Usetheseequationgo simplify to thefollowing.
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Thisis Poynting’s equation.

Implications

The foundationsof classicalelectrodynamicsare the Maxwell equationsthe Lorentz force, and the conseration
laws. In this notebook,thesebasicelementshave beenwritten as quaternionequations gxploiting the actionsof
commutatorsand anticommutators.Thereis an interestinglink betweenthe E field and a differential operatorfor
generatingconseration laws. More importantly the meansto generategheseequationausing quaternionoperators
hasbeendisplayed.This approachooksindependentrom the usualmethodwhich relieson anantisymmetri2-rank
field tensoranda U(1) connection.



2 Electromagneticfield gauges

A gaugds ameasuref distance Gaugesareoftenchoserto make solvinga particularproblemeasier A few arewell
known: the Coulombgaugefor classicalelectromagnetisnthe Lorenz gaugewhich makes electromagnetisniook
like a simpleharmonicoscillator andthe gaugeinvariantform which is usedin the Maxwell equations.In all these
casesthe E andB field is the sameponly theway it is measureds different. In this notebooktheseareall generated
usingadifferentialquaternioroperatoranda quaterniorelectromagnetipotential.

The Field TensorF in Different Gauges

The anti-symmetric2-rank electromagnetidield tensorF has3 properties:its traceis zero, it is antisymmetricand
it containsall the component®f the E andB fields. The field usedin deriving the Maxwell equationshadthe same
informationwritten asa quaternion:
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What makes this form gauge-iwariant, so no matterwhat the choiceof gauge(involving dphi/dt and Del.A), the

resultingequationis identical?It is thework of the zero! Whatever the scalarfield is in thefirst termof the generator
getssubtractedway in theseconderm.

A mathematicahside:a friend of mine callsthis a "conjugator”. The well-known commutatoiinvolvescommuting
two termsandthen subtractingthemfrom the startingterms. In this case the two termswere conjugatecandthen
subtractedrom the original. Any quaternionexpressiorthatgetsactedon by a conjugatoresultsin a 0 scalaranda
3-vector An anti-conjugatodoesthe oppositetask. By addingtogethersomethingwith its conjugatepnly the scalar
remains.The conjugatomwill beusedoftenhere.

Generatinghefield tensorF in the Lorenzgaugestartingfrom the gauge-ivariantfrom involvesswappingthefields
in thefollowing way:
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This looks morecomplicatedhanit is. Thefirst term of the generatoinvolvesthe scalarfield only, (phi, 0), andthe

seconderminvolvesthe 3-vectorfield only, (0, A).

Thefield tensorF in the Coulombgaugeis generatedy subtractingaway the divergenceof A, which explainswhy
the secondandthird termsinvolve only A, eventhoughDel . A is zero:-)

(g —v) (6, -A)+

Thefield tensorf in thetemporalgaugeis quite similar to the Coulombgauge but someof the signshave changedo
targetthe dphi/dtterm.



Whatis the simplestexpressiorthatall of thesegeneratoshare? call it thefield tensorF in thelight gauge:
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Thelight gauges onesigndifferentfrom the Lorenzgaugebut its generatois a simpleasit gets.

Implications

In the quaterniorrepresentatiorthe gaugeis a scalargeneratedn sucha way asto not alterthe 3-vector In alists
of gaugesn graduate-leel quantumfield theorywritten by Kaku, the light gaugedid not make thelist of thetop 6

gauges.Thereis a reasonfor this. Gaugesare presentedasa choicefor a physicistto make. The mostinteresting
gaugeshave to do with a long-runningpopularity contest. The relationshipbetweengaugess guessednot written
explicitly aswasdonehere. The termthatdid not make the cut standsout. Perhapsomeof the technicalissuesn

qguantuntield theorymight betackledin this gaugeusingquaternions.



3 The Maxwell Equationsin the Light Gauge: QED?

Whatmakesatheorynon-classical?seanoperationabefinition: a classicabpproachmeatlyseparatethescalarand
vectortermsof aquaternion Recallhow theelectricfield wasdefinedwhere{A, B} is theevenor symmetricproduct
over2,and[A, B] is theodd,antisymmetrigoroductover two or crossproduct).
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Thescalarinformationis explicitly discardedrom the E field quaternionin this notebookthe scalarfield thatarises
will beexaminedandshown to bethefield which givesriseto gaugesymmetry Thecommutatorsandanticommutators

of this scalarandvectorfield do notalterthehomogeneougermsof the Maxwell equationsbut mayexplain why light
is aquantizedtrans\ersewave.
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The E and B Fields, and the Gaugewith No Name

In thepreviousnotebookthe electricfield wasgeneratedlifferentlyfrom themagnetidield, sincethescalarfield was
discard.This time thatwill notbedone.
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Whatis the nameof the scalarfield, d phi/dt - Del.A which looks like somesort of gauge?It is not the Lorenzor

Landaugaugewhich hasa plus signbetweerthe two. It is noneof the populargauges:Coulomb(Del.A = 0), axial
(Az = 0), temporal(phi = 0), Feynman,unitary...

[specialnote: | amnow testingthe interpretatiorthatthis gaugeconstituteshe gravitationalfield. Seethe sectionon
Einsteins Vision]

Thestandardlefinitionof a gaugestartswith anarbitraryscalarfunctionpsi. Thefollowing substitutionglo not effect
theresultingequations.
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This canbewritten asonequaterniortransformation.
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Thegoalhereis to find anarbitraryscalaranda 3-vectorthatdoesthe samework asthe scalarfunctionpsi. Let
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Look at how the gaugesymmetrychangedy takingits derivative.
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Thisis thegaugewith no name! Call it thelight gauge”. Thatnamewaschoserbecauséf therateof changen the
scalarpotentialphi is equalto the spatialchangeof the 3-vectorpotential A asshouldbe the casefor a photon,the
distancds zero.

The Maxwell Equationsin the Light Gauge

The homogeneougermsof the Maxwell equationsare formedfrom the sumof both ordersof the commutatorand
anticommutatar
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The sourcetermsarisefrom of two commutatorsandtwo anticommutators.In the classicalcasediscussedn the

previous notebook,this involved a difference. Herea sumwill be usedbecausét generates simpler differential
equation.
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Notice how the scalarandvectorpartshave neatlypartitionedthemseles. Thisis a wave equationgxceptthata sign

is flipped. Hereis the equatiorfor alongitudinalwave like sound.
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Thesecondime derivative of w mustbethe sameasDel 2 w. This hasa solutionwhich depend®n sinesandcosines
(for simplicity, the detailsof initial andboundaryconditionsareskipped,andtheinfinite sumhasbeenmadefinite).
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Hit w with two time derivatives,andoutcomes-n"2 pi"2 w. Take Del"2, andthatcreategshe sameresults.Thusevery
valueof n will satisfythelongitudinalwave equation.

Now to find the solutionfor the sumof the secondiime derivative andDel 2. Oneof the signsmustbe switchedby
doingsomeoperatiortwice. Sounddike ajob for i! With quaternionsthe squareof a normalized3-vectorequals(-1,
0),anditisi if y = z = 0. Thesolutionto Maxwell's equationsn thelight gaugeis
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Hit this two time derivativesyields-n"2 pi"2 w. Del"2 w hasall of this andthe normalizedphasefactorV"2 = (-1, 0).
V actslike animaginaryphasefactorthatrotatesthe spatialcomponent.The sumfor ary n is zero(the detailsof the
solutiondependn theinitial andboundaryconditions).



Implications

The solutionto the Maxwell equationsn the light gaugeis a superpositiorof waves—eactwith a separatevalue of
n—-wherethe spatialpartgetsrotatedby the 3D analogueof i. Thatis a quantizedtrans\ersewave. That's fortunate,
becausdight is aquantizedrans\ersewave. Theequationsveregeneratedby takingtheclassicaMaxwell equations,

andmakingthemsimpler



4 The LorentzForce

TheLorentzforceactson amoving chage. The covariantform of this law is, whereW is work andP is momentum:
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In the classicalcasefor a point chage, betais zeroandthe E = k e/r"2,sothe Lorentzforce simplifiesto Coulombs
law. Rewrite thisin termsof the potentialsphi andA.
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In this notebook, will look for a quaternionequationthat cangeneratehis covariantform of the Lorentzforcein
the Lorenzgauge.By usingpotentialsandoperatorsit maybe possibleto createotherlaws lik e the Lorentzforce,in
particular onefor gravity.
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A Quaternion Equation for the Lorentz Force

TheLorentzforceis composeaf two parts.First, thereis the E andB fields. Generatéhosejust aswasdonefor the
Maxwell equations
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Anothercomponents the 4-velocity
V= (7, ‘(B)
Multiplying thesetwo termstogethercreateghirteenterms,only 5 of whombelongto the Lorentzforce. Thatshould

not be surprisingsincea bit of algebrawas neededo selectonly the covarianttermsthat appearin the Maxwell
equationsAfter somesearchingl foundthe combinationof termsrequiredto generateéhe Lorentzforce.
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This combinationof differential quaternionoperator quaternionpotentialand quaternion4-velocity generateghe
covariantform of the Lorentzoperatotrin the Lorenzgauge minusa factorof the chage e which operatesasa scalar
multiplier.

Implications

By writing the covariantform of the Lorentzforce asan operatoractingon a potential,it may be possibleto create
otherlaws like the Lorentz force. For point sourcesin the classicallimit, thesenew laws must have the form of

Coulombslaw, F = k ee’/r"2. An obviouscandidatés Newton'slaw of gravity, F = - G m m’/r"2. Thiswould require
adifferenttype of scalampotential,onethatalwayshadthe samesign.



5 The StressTensorof the ElectromagneticField

I will outlineawayto generatehetermsof the symmetric2-rankstress-momentunensorof anelectromagnetiéield
usingquaternionsThis methodmay provide someinsightinto whatinformationthe stresgensorcontains.

Any equationwritten with 4-vectorscanberewritten with quaternionsA straighttranslationof termscould probably
be automatedvith a computemprogram.Whatis moreinterestingis whenan equationis generatedy the productof
operatorsactingon quaterniorfields. | have foundthatgeneratoequationftenyield usefulinsights.

A tensoris a bookkeepingdevice designedo keeptogetherelementshat transformin a similar way. Peoplecan
choosealternative bookkeepingsystemssolong asthetensorbehaesthe sameway undertransformationsUsingthe
termsasdefinedin "The classicaltheoryof fields” by LandauandLifshitz, the antisymmetri-rankfield tensorF is
usedto generatehe stresgensorT
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| have a practicalsenseof an E field (the stuff that makesmy hair standon end)anda B field (the invisible hand

directinga compass)but have little senseof thefield tensorF, a particularcombinationof the othertwo. Therefore,

expresshestresgensorT in termsof the E andB fieldsonly:

(W SX Sy Sz
Tik _ [Sx  mxx mxy nyz |
LSy nyx nyy nyz J
Sz mex nmey nez
1 /=2 =2
W= g ((B)+ (B))
Sa = %r(_E\xE\)

—— %(_EaEb - BaBb+ 0,55ab((_|§)2+ (ﬁ)z))

Togetherthe enegy density(W),Poynting’s vector(Sa)andthe Maxwell stressensor(m_ab) areall the components
of the stresgensorof theelectromagnetiéield.

Generatinga Symmetric 2-TensorUsing Quaternions

How shouldonerationally go aboutto find a generatoequationthat createshesetermsinsteadof usingthe month-
long hunt-and-peckechniqueactuallyused?Everythingis symmetric,so usethe symmetricproduct:
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ThefieldsE andB arekeptseparatexceptfor thecrossproductin thePoynting vector Individual directionsof afield
canbeselectedy usingaunit vectorUa:

even('E‘, UX) = (-Ex, 0) whereUx = (0, 1, 0, 0)

Thefollowing doublesumgeneratesll thetermsof the stresgensor:

; 2 2
T sk (e R g (0 08

-even(e, Ua)even(e, Ub) - even (B, Ua)even (B, Ub) -
-even(odd(e, B), Ua) - even(odd(e, B), Ub) =

= (-ExEy - ExXEz - EyEz - BxBy - BxBz - By Bz
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Thefirst line generateshe enegy densityW, andpartof the +0.5 delta(a,b)(E"2 + B"2) term of the Maxwell stress
tensor The restof that tensoris generatedy the secondline. The third line createsthe Poynting vector Using
guaternionsthenetsumof thesetermsendsupin thescalar

Doesthe generatoequationhave the correctpropertiesSwitchingthe orderof UaandUb leavesT unchangedsoit
is symmetric.Checkthetrace,whenUa= Ub
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Thetraceequalszero,asit should.

Thegeneratois composedf threepartsthathave differentdependenciesn the unit vectors:thosetermsthatinvolve
Ua and Ub, thosethatinvolve Ua or Ub, andthosethat involve neither Theseare the Maxwell stresstensor the
Poynting vectorandthe enegy densityrespectiely. Changingthe basisvectorsUa and Ub will effect thesethree
componentslifferently.

Implications

Sowhatdoeghestresgensorepresent® lookslik e every combinatiorof the3-vectorsE andB thatavoidsquadratics
(like Ex"2) andover-countingcrossterms.| like whatl will callthe”net” stressquaternion:

net (T'K) =

= (-ExEy - ExEz - EyEz - BxBy - BxBz - By Bz
+EyBz - EzBy + EzBx - EXBz + EXBy - Ey Bx, 0)/2=x

This hasthe samepropertiesas an stresstensor Sincethe vectoris zero, it commuteswith any other quaternion
(this may be a reasonit is so useful). Switchingx termsfor y termswould flip the signsof the termsproducedby

the Poynting vectorasrequired,but not the others. Thereareno termsof the form Ex"2, which is equivalentto the

statementhatthetraceof thetensoris zero.

On apersonahote,| never thoughtl would understandvhata symmetric2-ranktensorwas, eventhoughl listenin
on a discussiorof thetopic. Yes,| could nod alongwith the algebrabut without ary senseof F, it felt hollow. Now
thatl have ageneratoanda netquaterniorexpressionijt looksquite elegantandstraightforwardto me.
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