
1 ClassicalElectrodynamics

Maxwell speculatedthatsomedayquaternionswould beusefulin theanalysisof electromagnetism.Hopefully aftera
130yearwait, in thisnotebookwecanbegin thatprocess.Thisapproachreliesona judicioususeof commutatorsand
anticommutators.

The Maxwell Equations

The Maxwell equationsare formed from a combinationsof commutatorsand anticommutatorsof the differential
operatorandtheelectricandmagneticfieldsE andB respectively (for isolatedchargesin a vacuum.
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Thefirst quaternionequationembodiesthehomogeneousMaxwell equations.Thescalartermsaysthat thereareno
magneticmonopoles.Thevectortermis Faraday’slaw. Thesecondquaternionequationis thesourceterm.Thescalar
equationis Gauss’law. Thevectortermis Ampere’s law, with Maxwell’s correction.

The 4-Potential A

Theelectricandmagneticfieldsareoftenviewedasarisingfrom thesame4-potentialA. Thesecanalsobeexpressed
easilyusingquaternions.
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The electricfield E is the vectorpart of the anticommutatorof the conjugatesof the differentialoperatorand the
4-potential.Themagneticfield B involvesthecommutator.

Theseformscanbedirectlyplacedinto theMaxwell equations.
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Thehomogeneoustermsareformedfrom thesumof bothordersof thecommutatorandanticommutator. Thesource
termsarisefrom thedifferenceof two commutatorsandtwo anticommutators.

The Lor entz Force

TheLorentzforceis generatedsimilarly to thesourcetermof theMaxwell equations,but thereasmallgamerequired
to getthesignscorrectfor the4-force.
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This is thecovariantform of theLorentzforce.Theadditionalminussignrequiredmaybeaconventionhandeddown
throughtheages.

Conservation Laws

Thecontinuityequation–conservationof charge–isformedby applyingtheconjugateof thedifferentialoperatorto the
sourcetermsof theMaxwell equations.
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Theupperis zero,sothedotproductof theE field andthecurrentdensityplustherateof changeof thechargedensity
mustequalzero.Thatmeansthatchargeis conserved.

Poynting’s theoremfor energy conservationis formedin a verysimilar way, exceptthattheconjugateof electricfield
is usedinsteadof theconjugateof thedifferentialoperator.
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Additional vectoridentitiesarerequiredbeforethefinal form is reached.�
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Usetheseequationsto simplify to thefollowing.
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This is Poynting’sequation.

Implications

The foundationsof classicalelectrodynamicsare the Maxwell equations,the Lorentz force, and the conservation
laws. In this notebook,thesebasicelementshave beenwritten as quaternionequations,exploiting the actionsof
commutatorsandanticommutators.Thereis an interestinglink betweenthe E field anda differentialoperatorfor
generatingconservation laws. More importantly, the meansto generatetheseequationsusingquaternionoperators
hasbeendisplayed.Thisapproachlooksindependentfrom theusualmethodwhich relieson anantisymmetric2-rank
field tensorandaU(1) connection.
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2 Electromagneticfield gauges

A gaugeis ameasureof distance.Gaugesareoftenchosento makesolvingaparticularproblemeasier. A few arewell
known: the Coulombgaugefor classicalelectromagnetism,the Lorenzgaugewhich makeselectromagnetismlook
like a simpleharmonicoscillator, andthegaugeinvariantform which is usedin theMaxwell equations.In all these
cases,theE andB field is thesame,only theway it is measuredis different.In this notebook,theseareall generated
usingadifferentialquaternionoperatorandaquaternionelectromagneticpotential.

The Field TensorF in Differ ent Gauges

Theanti-symmetric2-rankelectromagneticfield tensorF has3 properties:its traceis zero,it is antisymmetric,and
it containsall thecomponentsof theE andB fields. Thefield usedin deriving theMaxwell equationshadthesame
informationwrittenasaquaternion:
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What makes this form gauge-invariant,so no matterwhat the choiceof gauge(involving dphi/dt and Del.A), the
resultingequationis identical?It is thework of thezero! Whatever thescalarfield is in thefirst termof thegenerator
getssubtractedaway in thesecondterm.

A mathematicalaside:a friend of minecalls this a ”conjugator”. Thewell-known commutatorinvolvescommuting
two termsandthensubtractingthemfrom the startingterms. In this case,the two termswereconjugatedandthen
subtractedfrom theoriginal. Any quaternionexpressionthatgetsactedon by a conjugatorresultsin a 0 scalaranda
3-vector. An anti-conjugatordoestheoppositetask.By addingtogethersomethingwith its conjugate,only thescalar
remains.Theconjugatorwill beusedoftenhere.

Generatingthefield tensorF in theLorenzgaugestartingfrom thegauge-invariantfrom involvesswappingthefields
in thefollowing way:
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This looksmorecomplicatedthanit is. Thefirst termof thegeneratorinvolvesthescalarfield only, (phi, 0), andthe
secondterminvolvesthe3-vectorfield only, (0, A).

Thefield tensorF in theCoulombgaugeis generatedby subtractingaway thedivergenceof A, which explainswhy
thesecondandthird termsinvolveonly A, eventhoughDel.A is zero:-)��
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Thefield tensorF in thetemporalgaugeis quitesimilar to theCoulombgauge,but someof thesignshavechangedto
targetthedphi/dtterm.
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Whatis thesimplestexpressionthatall of thesegeneratorshare?I call it thefield tensorF in thelight gauge:
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Thelight gaugeis onesigndifferentfrom theLorenzgauge,but its generatoris a simpleasit gets.

Implications

In the quaternionrepresentation,thegaugeis a scalargeneratedin sucha way asto not alter the3-vector. In a lists
of gaugesin graduate-level quantumfield theorywritten by Kaku, the light gaugedid not make the list of the top 6
gauges.Thereis a reasonfor this. Gaugesarepresentedasa choicefor a physicistto make. The most interesting
gaugeshave to do with a long-runningpopularitycontest.The relationshipbetweengaugesis guessed,not written
explicitly aswasdonehere. The termthatdid not make the cut standsout. Perhapssomeof the technicalissuesin
quantumfield theorymightbetackledin this gaugeusingquaternions.
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3 The Maxwell Equations in the Light Gauge: QED?

Whatmakesatheorynon-classical?Useanoperationaldefinition:aclassicalapproachneatlyseparatesthescalarand
vectortermsof aquaternion.Recallhow theelectricfield wasdefined(where � A, B � is theevenor symmetricproduct
over2, and[A, B] is theodd,antisymmetricproductover two or crossproduct).
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Thescalarinformationis explicitly discardedfrom theE field quaternion.In this notebook,thescalarfield thatarises
will beexaminedandshowntobethefield whichgivesriseto gaugesymmetry. Thecommutatorsandanticommutators
of thisscalarandvectorfield donotalterthehomogeneoustermsof theMaxwell equations,but mayexplainwhy light
is a quantized,transversewave.

The E and B Fields,and the Gaugewith No Name

In thepreviousnotebook,theelectricfield wasgenerateddifferentlyfrom themagneticfield, sincethescalarfield was
discard.This time thatwill not bedone.
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What is the nameof the scalarfield, d phi/dt - Del.A which looks like somesort of gauge?It is not the Lorenzor
Landaugaugewhich hasa plussignbetweenthetwo. It is noneof thepopulargauges:Coulomb(Del.A � 0), axial
(Az � 0), temporal(phi � 0), Feynman,unitary...

[specialnote: I amnow testingtheinterpretationthat this gaugeconstitutesthegravitationalfield. Seethesectionon
Einstein’sVision]

Thestandarddefinitionof agaugestartswith anarbitraryscalarfunctionpsi. Thefollowing substitutionsdonoteffect
theresultingequations.
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This is thegaugewith no name!Call it the”light gauge”.Thatnamewaschosenbecauseif therateof changein the
scalarpotentialphi is equalto thespatialchangeof the 3-vectorpotentialA asshouldbe the casefor a photon,the
distanceis zero.

The Maxwell Equations in the Light Gauge

The homogeneoustermsof the Maxwell equationsareformedfrom the sumof both ordersof the commutatorand
anticommutator.
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The sourcetermsarisefrom of two commutatorsand two anticommutators.In the classicalcasediscussedin the
previous notebook,this involved a difference. Herea sumwill be usedbecauseit generatesa simplerdifferential
equation.
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Noticehow thescalarandvectorpartshaveneatlypartitionedthemselves.This is a wave equation,exceptthata sign
is flipped.Hereis theequationfor a longitudinalwave likesound.� 2 �w�
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Thesecondtimederivativeof w mustbethesameasDelˆ2w. Thishasasolutionwhichdependsonsinesandcosines
(for simplicity, thedetailsof initial andboundaryconditionsareskipped,andtheinfinite sumhasbeenmadefinite).
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Hit w with two time derivatives,andout comes-nˆ2piˆ2 w. TakeDelˆ2,andthatcreatesthesameresults.Thusevery
valueof n will satisfythelongitudinalwave equation.

Now to find thesolutionfor thesumof thesecondtime derivative andDelˆ2. Oneof thesignsmustbeswitchedby
doingsomeoperationtwice. Soundslikea job for i! With quaternions,thesquareof anormalized3-vectorequals(-1,
0), andit is i if y � z � 0 . Thesolutionto Maxwell’sequationsin thelight gaugeis
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Hit this two time derivativesyields-nˆ2piˆ2 w. Delˆ2 w hasall of this andthenormalizedphasefactorVˆ2 � (-1, 0).
V actslike animaginaryphasefactorthatrotatesthespatialcomponent.Thesumfor any n is zero(thedetailsof the
solutiondependon theinitial andboundaryconditions).
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Implications

The solutionto the Maxwell equationsin the light gaugeis a superpositionof waves–eachwith a separatevalueof
n–wherethespatialpartgetsrotatedby the3D analogueof i. That is a quantized,transversewave. That’s fortunate,
becauselight is aquantizedtransversewave. Theequationsweregeneratedby takingtheclassicalMaxwell equations,
andmakingthemsimpler.
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4 The Lor entzForce

TheLorentzforceactson amoving charge.Thecovariantform of this law is, whereW is work andP is momentum:������ d Wd , , d
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In theclassicalcasefor a point charge,betais zeroandtheE � k e/rˆ2,sotheLorentzforcesimplifiesto Coulomb’s
law. Rewrite this in termsof thepotentialsphi andA.������ d Wd , , d
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In this notebook,I will look for a quaternionequationthat cangeneratethis covariantform of the Lorentzforce in
theLorenzgauge.By usingpotentialsandoperators,it maybepossibleto createotherlaws like theLorentzforce,in
particular, onefor gravity.

A Quaternion Equation for the Lor entz Force

TheLorentzforceis composedof two parts.First, thereis theE andB fields.Generatethosejust aswasdonefor the
Maxwell equations
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Anothercomponentis the4-velocity
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Multiplying thesetwo termstogethercreatesthirteenterms,only 5 of whombelongto theLorentzforce.Thatshould
not be surprisingsincea bit of algebrawas neededto selectonly the covariant termsthat appearin the Maxwell
equations.After somesearching,I foundthecombinationof termsrequiredto generatetheLorentzforce.��
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This combinationof differential quaternionoperator, quaternionpotentialand quaternion4-velocity generatesthe
covariantform of theLorentzoperatorin theLorenzgauge,minusa factorof thechargee which operatesasa scalar
multiplier.

Implications

By writing thecovariantform of the Lorentzforceasan operatoractingon a potential,it maybe possibleto create
other laws like the Lorentz force. For point sourcesin the classicallimit, thesenew laws must have the form of
Coulomb’s law, F � k ee’/rˆ2. An obviouscandidateis Newton’s law of gravity, F � - G m m’/rˆ2. Thiswouldrequire
a differenttypeof scalarpotential,onethatalwayshadthesamesign.

9



5 The StressTensorof the ElectromagneticField

I will outlineaway to generatethetermsof thesymmetric2-rankstress-momentumtensorof anelectromagneticfield
usingquaternions.Thismethodmayprovidesomeinsightinto whatinformationthestresstensorcontains.

Any equationwrittenwith 4-vectorscanberewrittenwith quaternions.A straighttranslationof termscouldprobably
beautomatedwith a computerprogram.What is moreinterestingis whenanequationis generatedby theproductof
operatorsactingon quaternionfields. I havefoundthatgeneratorequationsoftenyield usefulinsights.

A tensoris a bookkeepingdevice designedto keeptogetherelementsthat transformin a similar way. Peoplecan
choosealternativebookkeepingsystems,solongasthetensorbehavesthesamewayundertransformations.Usingthe
termsasdefinedin ”The classicaltheoryof fields” by LandauandLifshitz, theantisymmetric2-rankfield tensorF is
usedto generatethestresstensorT

Tik � 1

4 � � FiLFkL � 1

4 3 ikFLMFLM
I have a practicalsenseof an E field (the stuff that makesmy hair standon end)anda B field (the invisible hand
directinga compass),but have little senseof thefield tensorF, a particularcombinationof theothertwo. Therefore,
expressthestresstensorT in termsof theE andB fieldsonly:
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Together, theenergy density(W),Poynting’svector(Sa)andtheMaxwell stresstensor(m ab)areall thecomponents
of thestresstensorof theelectromagneticfield.

Generatinga Symmetric 2-TensorUsing Quaternions

How shouldonerationallygo aboutto find a generatorequationthatcreatesthesetermsinsteadof usingthemonth-
longhunt-and-pecktechniqueactuallyused?Everythingis symmetric,sousethesymmetricproduct:

even � q, q ��� q q � q q
2

� t t � �X.
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X , t
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ThefieldsE andB arekeptseparateexceptfor thecrossproductin thePoyntingvector. Individualdirectionsof afield
canbeselectedby usingaunit vectorUa:
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Thefollowing doublesumgeneratesall thetermsof thestresstensor:
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Thefirst line generatestheenergy densityW, andpartof the 7 0.5 delta(a,b)(Eˆ2 7 Bˆ2) termof theMaxwell stress
tensor. The restof that tensoris generatedby the secondline. The third line createsthe Poynting vector. Using
quaternions,thenetsumof thesetermsendsup in thescalar.

Doesthegeneratorequationhave thecorrectproperties?Switchingtheorderof Ua andUb leavesT unchanged,soit
is symmetric.Checkthetrace,whenUa � Ub
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�85 y,za ) x 1
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� 



� � 0

Thetraceequalszero,asit should.

Thegeneratoris composedof threepartsthathavedifferentdependencieson theunit vectors:thosetermsthatinvolve
Ua andUb, thosethat involve Ua or Ub, and thosethat involve neither. Theseare the Maxwell stresstensor, the
Poynting vectorandthe energy densityrespectively. Changingthe basisvectorsUa andUb will effect thesethree
componentsdifferently.

Implications

Sowhatdoesthestresstensorrepresent?It lookslikeeverycombinationof the3-vectorsE andB thatavoidsquadratics
(likeExˆ2) andover-countingcrossterms.I likewhatI will call the”net” stressquaternion:

net � Tik �6�
��� � Ex Ey � Ex Ez � Ey Ez � Bx By � Bx Bz � By Bz� Ey Bz � Ez By � Ez Bx � Ex Bz � Ex By � Ey Bx, 0 � /2 �

This hasthe samepropertiesas an stresstensor. Sincethe vector is zero, it commuteswith any other quaternion
(this may be a reasonit is so useful). Switchingx termsfor y termswould flip the signsof the termsproducedby
the Poynting vectorasrequired,but not the others.Thereareno termsof the form Exˆ2, which is equivalentto the
statementthatthetraceof thetensoris zero.

On a personalnote,I never thoughtI would understandwhata symmetric2-ranktensorwas,eventhoughI listen in
on a discussionof thetopic. Yes,I couldnodalongwith thealgebra,but without any senseof F, it felt hollow. Now
thatI havea generatorandanetquaternionexpression,it looksquiteelegantandstraightforwardto me.
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