
1 Newton’s Second Law

The form of Newton’s secondlaw for threeseparatecaseswill be generatedusingquaternionoperatorsactingon
positionquaternions.In classicalmechanics,timeandspacearedecoupled.Onewaythatcanbeachievedalgebraically
is by having a time operatorcatonly on space,or by spaceoperatoronly acton a scalarfunction. I call this the ”2
zero” rule: if therearetwo zerosin thegeneratorof a law in physics,thelaw is classical.

Newton’s 2nd Law for an Inertial Reference Frame in Cartesian Coordinates

Definea positionquaternionasa functionof time.

R � t,
�
R

Operateon this oncewith thedifferentialoperatorto getthevelocityquaternion.

V � d

dt
,
�
0 t,

�
R � 1,

.�
R

Operateon thevelocity to gettheclassicalinertial accelerationquaternion.

A � d

dt
,
�
0 1,

.�
R � 0,

����
R

This is thestandardform for accelerationin Newton’ssecondlaw in aninertial referenceframe.Becausethereference
frameis inertial, thefirst termis zero.

Newton’s 2nd Law in Polar Coordinates for a Central Force in a Plane

Repeatthis process,but this time startwith polarcoordinates.

R ��� t,r Cos ���
	 ,r Sin ���
	 , 0 �
Thevelocity in a plane.

V � d

dt
,
�
0 � t,r Cos ���
	 ,r Sin ���
	 , 0 � �

��� 1,.r Cos ���
	 � r Sin ���
	 .� ,.r Sin ���
	� r Cos ���
	 .� , 0 �
Accelerationin a plane.

A � d

dt
,
�
0 � 1,.r Cos ���
	 � r Sin ���
	 .� ,.r Sin ���
	� r Cos ���
	 .� , 0 � �

� 0, � 2 .r Sin ���
	 .� � r Cos ���
	 .� 2  ���r Cos ���
	 � r Sin ���
	 ���� ,
2
.
r Cos ���
	 .� � r Sin ���
	 .� 2  ���r Sin ���
	� r Cos ���
	 ���� , 0

Not a prettysight. For a centralforce,
.���

L/ ��� 2, and
������

0. Make thesesubstitutionandrotatethequaternionto
getrid of thethetadependence.

A ��� Cos ���
	 , 0, 0, � Sin ���
	�� d

dt
,
�
0

2 � t,r Cos ���
	 ,r Sin ���
	 , 0 � �

�
������ 0, L2

m2r3
 ���r ,

2 L
.
r

m r2
, 0

� �����
Thesecondtermis theaccelerationin theradialdirection,thethird is accelerationin thethetadirectionfor a central
forcein polarcoordinates.
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Newton’s 2nd Law in a Noninertial, Rotating Frame

Considerthe”noninertial” case,with theframerotatingat anangularspeedomega. Thedifferentialtime operatoris
put into thefirst termof thequaternion,andthethreedirectionsfor theangularspeedareput in thenext terms.This
quaternionis thenmultiplied by thepositionquaternionto get thevelocity in a rotatingreferenceframe. Unlike the
previousexampleswheret did not interferewith thecalculations,this time it mustbesetexplicitly to zero(I wonder
whatthatmeans?).

V � d

dt
,
�� 0,

�
R � � �� . �R ,

.�
R  �� x �R

Operateon thevelocity quaternionwith thesameoperator.

A � d

dt
,
�� � �� . �R ,

.�
R  �� x �R �

� � .�� . �R ,
����
R  2 �� x

.�
R  .�� x �R � �� . �R ��

Thefirst threetermsof the3-vectorarethetranslational,coriolis,andazimuthalalterationsrespectively. Thelastterm
of the3-vectormaynot look like thecentrifugalforce,but usingavectoridentity it canberewritten:

� �� . �R �� � � �� x �� x �R  �� 2 �
R

If theangularvelocityantheradiusareorthogonal,then
�� x �� x �R � �� 2 �

R iff
�� . �R � 0

Thescalarterm is not zero. What this implies is not yet clear, but it maybe relatedto the fact that the frameis not
inertial.

Implications

Threeformsof Newton’ssecondlaw weregeneratedby choosingappropriateoperatorquaternionsactingon position
quaternions.Thedifferentialtime operatorwasdecoupledfrom any differentialspaceoperators.This maybeviewed
asanoperationaldefinitionof ”classical”physics.
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2 Oscillators and Waves

A professorof mineoncesaidthateverythingin physicsis a simpleharmonicoscillator. Thereforeit is necessaryto
geta handleon everything.

The Simple Harmonic Oscillator (SHO)

Thedifferentialequationfor asimpleharmonicoscillatorin onedimensioncanbeexpresswith quaternionoperators.

d

dt
,
�
0

2 � 0,x, 0, 0 �� 0,
k

m
x, 0, 0 �

�����
� 0, d2 x

dt2
 k x

m
, 0, 0

� ����
� � 0

Thisequationcanbesolveddirectly.

x � > C � 2 	 Cos k t

m
 C � 1 	 Sin k t

m

Find thevelocityby takingthederivativewith respectto time.

.
x � > k C � 1 	 Cos k t

m

m
� k C � 2 	 Sin k t

m

m

The Damped Simple Harmonic Oscillator

Generatethedifferentialequationfor a dampedsimpleharmonicoscillatorasdoneabove.

d

dt
,
�
0

2 � 0,x, 0, 0 �� d

dt
,
�
0 � 0,b x, 0, 0 �  0,

k

m
x, 0, 0 �

�
�����
� 0, d2 x

dt2
 b d x

dt
 k x

m
, 0, 0

� ����
� � 0

Solve theequation.

x � > C � 1 	 e

�����
�"! b m ! ! 4 k m # b2 m2

� ����
� t

2 m  C � 2 	 e

�����
�$! b m # ! 4 k m # b2 m2

� ����
� t

2 m

The Wave Equation

Considerawave travelingalongthex direction.Theequationwhich governsits motionis givenby

d

v dt
,

d

dx
, 0, 0

2 � 0, 0,f � t v  x 	 , 0 � �

�
������ 0, 0,

������ � d2

dx2
 d2

dt2 v2

� ����� f � t v  x 	 , 2 d2 f � t v  x 	
dt dx v

� �����
The third term is the onedimensionalwave equation.The forth term is the instantaneouspower transmittedby the
wave.
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Implications

Usingtheappropriatecombinationsof quaternionoperators,theclassicalsimpleharmonicoscillatorandwave equa-
tion werewrittenoutandsolved.Thefunctionaldefinitionof classicalphysicsemployedhereis thatthetimeoperator
is decoupledfrom any spaceoperator. Thereis noreasonwhy asimilarcombinationof operatorscannotbeusedwhen
time andspaceoperatorsarenot decoupled.In fact, the four Maxwell equationsappearto beonenonhomogeneous
quaternionwaveequation,andthestructureof thesimpleharmonicoscillatorappearsin theKlein-Gordonequation.
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3 Four Tests for a Conservative Force

Therearefour well-known,equivalentteststo determineif a forceis conservative: thecurl is zero,apotentialfunction
whosegradientis theforceexists,all closedpathintegralsarezero,andthepathintegralbetweenany two pointsis the
samenomatterwhatthepathchosen.In thisnotebook,quaternionoperatorsperformthesetestsonquaternion-valued
forces.

1. The Curl Is Zero

To make thediscussionconcrete,definea forcequaternionF.

F ��� 0, � k x, � k y, 0 �
Thecurl is thecommutatorof thedifferentialoperatorandtheforce. If this is zero,theforceis conservative.

odd
d

dt
,
�%

,
�
F � 0

Let thedifferentialoperatorquaternionacton theforce,andtestif thevectorcomponentsequalzero.

d

dt
,
%

F �&� 2 k, 0, 0, 0 �

2. There Exists a Potential Function for the Force

Operateon forcequaternionusingintegration. Take the negative of the gradientof the first component.If the field
quaternionis thesame,theforceis conservative.

F � F � dt,dx,dy,dz � �

� � k x dx  k y dy, � k x dt  k y dz, � k y dt � k x dz, 0 � �

�
������ k x

2

2
 k y2

2
, � k t x  k y z, � k t y � k x z, 0

� ����� �

d

dt
,
�% �����
� k x

2

2
 k y2

2
,
�
0

� ����
� �'� 0, � k x, � k y, 0 �

This is thesameforceaswestartedwith, sothescalarinsidetheintegral is thescalarpotentialof thisvectorfield. The
vectortermsinsidetheintegralariseasconstantsof integration.They arezeroif t

�
z
�

0. Whatrole thesevectorterms
in thepotentialquaternionmayplay, if any, is unknown to me.

3. The Line Integral of Any Closed Loop Is Zero

Useany parameterizationin theline integral,makingsureit comesbackto go.

path �(� 0, r Cos � t � , r Sin � t � , 0 �
2 )

0
F dt � 0
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4. The Line Integral Along Different Paths Is the Same

Chooseany two parameterizationsfrom A to B, andtestthatthey arethesame.Thesepathsarefrom (0, r, 0, 0) to (0,
-r, 2 r, 0).

path1 � 0, r Cos � t � , 2 r Sin
t

2
, 0

2)
0

dt � � 2 k r2
path2 �*� 0, � t r  r, t r, 0 �

2

0
F dt � � 2 k r2

Thesame!

Implications

The four standardtestsfor a conservative forcecanbe donewith operatorquaternions.Onenew avenueopenedup
is for doingpathintegrals. It would beinterestingto attemptfour dimensionalpathintegralsto seewherethatmight
lead!
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