1 Quaternion Analysis

Complex numbersarea subfieldof quaternionsMy hypothesiss thatcomplex analysisshouldbe self-evidentwithin
the structureof quaternioranalysis.

Thechallengss to definethederivative in anon-singulaway, sothataleft derivative alwaysequalsaright derivative.
If quaternionsvould only commute.. Well, the scalarpartof a quaternionrdoescommute.If, in thelimit, the differ-
ential elementconvergedto a scalar thenit would commute.This ideacanbe definedprecisely All thatis required
is thatthe magnitudeof the vectorgoesto zerofasterthanthe scalar This mightinitially appearsasanunreasonable
constraint.However, thereis animportantapplicationin physics.Considera setof quaternionghatrepresengvents
in spacetime.If the magnitudeof the 3-spacevectoris lessthanthe time scalar eventsare separatedy a timelike
interval. It requiresa speedessthanthe speedof light to connectthe events. This is true no matterwhat coordinate
systemis chosen.

Defining a Quaternion

A quaterniorhas4 degreesof freedom soit needs4 real-valuedvariableso be defined:

q = (ag, a1, a,, az)

Imaginewe wantto do a simplebinary operationsuchassubtractionwithout having to specifythe coordinatesystem
chosen. Subtractionwill only work if the coordinatesystemsare the same,whetherit is Cartesian,sphericalor
otherwise Let €0,el,e2,ande3bethesharedbut unspecifiedbasis.Now we candefinethe differencebetweertwo
guaterniorg andq’ thatis independendf the coordinatesystemusedfor the measurement.

dg =
Q" - =((ay -ag)ey, (a1 -a;)e /3, (ay” -ay)e,/ 3, (az’ -az)ez/ 3)

Whatis unusualaboutthis definition arethe factorsof a third. They will be necessarfaterin orderto definea holo-
nomicequationaterin this section.Hamilton gave eachelementparity with the others,avery reasonabl@pproachl
have foundthatit is importantto give the scalarandthe sumof the 3-vectorparity. Withoutthis "scale” factoron the
3-vector changen thescalaris not givenits properweight.

If dgis squaredthescalampartof theresultingquaterniorformsa metric.
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Whatshouldthe connectiorbe betweerthe square®f the basisvectors?The amountof intrinsic curvatureshouldbe
equal,sothata transformatiorbetweentwo basis3-vectorsdoesnot containa hiddenbump. Shouldtime betreated
exactly like space?The Schwarzschildmetric of generalrelatiity suggestotherwise. Let el,e2,ande3 form an
independentjimensionlessprthogonabasisfor the 3-vectorsuchthat:

1 1 1 )

-_-— =_-—s == =8
2 2 2 0
€ €2

This unusualelationshipbetweerthe basisvectorsis consistenwith Hamilton’s choiceof 1,1, j, k if e0"2= 1. For
thatcase calculatethe squareof dq:
da; da, daa\
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The scalarpartis known in physicsasthe Minkowski interval betweerntwo eventsin flat spacetimelf e0"2doesnot
equalone,thenthe metricwould applyto a non-flatspacetimeA metricthathasbeenmeasuredxperimentallyis the
Schwarzchildmetricof generarelatvity. Sete0"2= (1 - 2 GM/c"2 R), andcalculatethe squareof dq:

( )
dq? = Ldao2 (1 - ZGM) . OUAdA , 2da0da1, 2daoda2, 2dao&
o1 - 28
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This is the Schwarzchild metric of generalrelativity. Notice thatthe 3-vectoris unchangedthis may be a defining
characteristic).Therearevery few opportunitiesfor freedomin basicmathematicablefinitions. | have chosenthis
unusuakelationshipdetweerthe square®of the basisvectorsto make a resultfrom physicseasyto express.Physics
guidesmy choicesin mathematicatlefinitions:-)

An Automorphic Basisfor Quaternion Analysis

A quaterniorhas4 degreesof freedom.To completelyspecifya quaterniorfunction, it mustalsohave four degrees
of freedom. Threeotherlinearly-independentariablesinvolving q canbe definedusing conjugatessombinedwith
rotations:

q* = (ageq, -a, €4/ 3, -a, e,/ 3, -az e,/ 3)
a*l = (-ageq, a; e,/ 3, -a,e,/ 3, —ages/ 3) = (e;qeq)*
q*2 = (-apeq, -a; €,/ 3, +a,e,/ 3, —azes/ 3) = (e,qe€,)*

The conjugateasit is usuallydefined(q*) flips the signof all but the scalar The g*1 flips the signsof all but the el
term,andqg*2 all but thee2term. Thesetq, g*, g*1, g*2 form the basisfor quaternioranalysis.The conjugateof a
conjugateshouldgive backthe original quaternion.

*1)*1 *2)*2

@**=d, (q =0, (9 =q

Somethingsubtlebut perhapdirectly relatedto spinhappensooking athow the conjugate®ffect products:

@a’)*=q*q*

rel (%l r%2 %2

(@a)*t=-q*g?, (@ag)*?=-9*%q

(q q,q q,)*l - q/*l q*lq/*l q*l
The conjugateappliedto a productbringsthe resultdirectly backto the reverseorderof the elements.Thefirst and

secondconjugategoint thingsin exactly the oppositeway. The propertyof going "half way around”is reminiscent
of spin. A tighterlink will needto be examined.

Futur e Timelike Derivative

Insteadof the standardapproacho quaternionanalysiswhich focuseson left versusright derivatives,| concentrate
ontheratio of scalardo 3-vectors.This is naturalwhenthinking aboutthe structureof Minkowski spacetimewhere
theratio of the changein time to the changein 3-spacedefinesfive separataegions: timelike past,timelike future,
lightlike past,lightlike future,andspacelile. Thereareno continuous_orentztransformationgo link theseregions.
Eachregionwill requirea separatelefinition of the derivative, andthey will eachhave distinctproperties.| will start
with the simplestcaseandlook ata seriesof examplesn detail.

Definition: Thefuturetimelike derivative:

Considera covariantquaternionfunctionf with a domainof H anda rangeof H. A future timelike derivative to be
defined,the 3-vector mustapproachzero fasterthanthe positive scalar If this is not the case,thenthis definition
cannotbe used. Implementingtheserequirementsnvolvestwo limit processesppliedsequentiallyto a differential



guaterniorD. Firstthelimit of the threevectoris takenasit goesto zero, (D - D*)/2 -> 0. Secondthelimit of the
scalaris taken, (D + D*)/2 -> +0 (theplus zeroindicatesthatit mustbe approachedvith atime greaterthanzero,in
otherwords,from thefuture). The neteffect of thesetwo limit processess thatD->0.

af (a, g%, g*, g*%) _
aq N

- limit  as (d, 6) > +0

(imit s (d, D)- >
(. 0) (f (a+ (d D). a* ot a*2) -f (@, g% g™, ")) (d B)'l)
Thedefinitionis invariantundera passve transformatiorof the basis.

The4 realvariablesa0,al,a2,a3canberepresentedly functionsusingthe conjugatesasabasis.

f@ a* g2 =ag = L)
f g of1(@+a™) (@+q)e;
! (-2/3) (-2/3)
f g - ©200+0%) _(@+g?)e,
2 (-2/3) (- 21 3)
f g - 8(a+a"+q+a%) (q+q"+g*l+q*?)eq
R (213) - (213)
Begin with a simpleexample:
f@ at g7 =ag = L)
%3 _
aq
da . . - vy -1 e
222 i (i {[eo{ 4+ (e B) o) - @ o)) 2 (0. 8)) 7)) - %
oa, 03, _
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Thedefinitiongivesthe expectedresult.

A simpleapproactto atrickier example:
foa o1 (q+q*t)

1 (-2/3)
da; da; _
aq oaqg*
lim (iim ((ey((a+(d D) +a**) - @+ah))) ((-2/3) (a, B))'l)) =-32ﬁ
da, oa; _
aq* - aq*Z -

Sofar, thefang/ doublelimit processhasbeenirrelevantfor theseidentity functions,becausehe differentialelement
hasbeeneliminated.Thatchangeswith thefollowing example,atricky approacho the sameresult.

*1
* *1 *2y _ _ (g+g*7)eq
fa an gt a?) =ay = =t
da; oda; _
aq - aq*l -

<tim (im (((a+ (4, B) +a*!) - @+a)es(-2/3) (d. B)) 7)) =



= tim (1im ((d, B)e, ((-2/3) (d, B))'l)) -
3e;
2
Becausehe 3-vectorgoesto zerofasterthanthe scalarfor the differentialelement,after the first limit processthe
remainingdifferentialis a scalarsoit commuteswith arny quaternion.Thisis whatis requiredto dancearoundthe el
andleadto the cancellation.

=i ((d, B)ey ((-2/3) (d, 6))'1) -

Theinitial hypothesisvasthatcomple< analysisshouldbe a self-evidentsubsebf quaternioranalysis.Sothis quater
nion derivative shouldmatchup with thecomple case whichis:

z=a+bhbi, b= (Z-2%/2i
8b i ab
oz 2 az*
Thesearethesameresultup to two subedits Quaterniondhave threeimaginaryaxes,which createghefactorof three.
Theconjugateof a complex numberis really doingthe work of thefirst quaterniorconjugateg*1 (which equals-z*),

because* flips thesignof thefirst 3-vectorcomponentput no others.

Thederivative of a quaterniorappliesequallywell to polynomials.

let f =g

2wt (im (o (o 8])° 7] (e B )) -
= lim (Iim ((q2+q(d, B) + (d, B)q+ (d, B)z-qz) (d, B)'l)) -

lim (lim (q + (d, B)q(d, '5)'1 + (d, B))) =

lim (2q + (d, 6)) = 2q
This is the expectedresultfor this polynomial. It would be straightforvard to shav that all polynomialsgave the
expectedresults.

Mathematiciansnightbeconcernedy this result,becauséf the 3-vectorD goesto -D nothingwill changeaboutthe
guaternionderivative. This is actually consistentith principlesof specialrelatiity. For timelike separate@vents,
right andleft dependbn theinertial referencdrame,soatimelike derivative shouldnot dependnthedirectionof the
3-vector

Analytic Functions

Thereare4 typesof quaterniorderivativesand4 componenfunctions.Thefollowing tabledescribeshe 16 derivatives
for this set

\ ag a, a, ag
o & & & &
aq 2 -2/3 -2/3 2/3

° €o 0 0 &3
ag* 2 2/3

<] 0 e, 0 e,

o %*1 -2/ 3 2/ 3
_Z 0 0 €2 €3
aq*? -2/3 2/3

This tablewill be usedextensiely to evaluateif afunctionis analyticusingthe chainrule. Let’s seeif the identity

functionw = q is analytic.
e e e
Let w=gq = (aoeo, algl, azgz, a3?3)

Usethechainruleto calculatethe derivative will respecto eachterm:
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Usecombination®f thesetermsto calculatethe four quaterniorderivativesusingthe chainrule.
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—_—— t — — + — —— + ——
da, 6q o0a, 6q oda, 0q 0da; aq

N[ -
1
N| =
]
=

1 1
= -+ - +
2 2

ow owda; Oowda; 1 1

= + — =— -—-=0

8gq* daygoq* odoazoqr 2 2
ow ow da; ow da; 1 1
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This hasthe derivativesexpectedf w=q is analyticin g.

Anothertestinvolvesthe Cauchy-RiemanequationsThe presencef the threebasisvectorschangeshingsslightly.

- e
Let u = (ageg, 0, 0, 0), V = (O, ale—gl, az%, aag)

oue, oV _ due, 8V _  oue; oV

= en, = en, =
da, 3 da; O da, 3 0da, % da, 3 das

€o
This alsosolvesa holonomicequation.

(ou a8V a8V aV)

Scalar o a2 | (Bgy €1, €5, € =
uaao da,’ da,’ day (€0 €1, € 3)J
e e e

eoeo+?1el+?2e2+?3e3=0

Thereareno off diagonaltermsto compare.

This exercisecanberepeatedor the otheridentity functions.Onenoticeablechangés thattherole thatthe conjugate

mustplay. Considertheidentity functionw = g*1. To show thatthisis analyticin g*1 requiresthatonealwaysworks
with basisvectorsof theg*1 variety.

- (- V- &1 5% 4.8
Letu_(aoeo,0,0,0),V_(O,als, A a33)
ou; e\ oV _ oue, oV _ oue; aV
—(‘—) =55.% 353 °34a.60 353 - 3500
dag 3 da; day 3 da, 0a; 3 daj

This alsosolvesa first conjugateholonomicequation.

((au &V 8V aV) )
Scalar || —, =—, —, =—| (eg. €1, €5, €3) =
da, oa, da, da,

€ -€; -€3

-€p (-€g) + ?el - —=e,-—=e;=0

Pawer functionscanbeanalyzedn exactly the sameway:



( e,? e,? e,?
Let w = q2 = |a02e02+ alzL + azzi + aszi

9 9 9’
€ €2 es )
230319031 ZaOaZeO?, 2aoa3eo?J
( 2 2 .2 \
u = laozeo2 + alz% + azz% + af%, 0, 0, OJ
- e e e
V = (0, 2aoa1eo?1, 2aoa2eo?2, 2aoa3eo?3)

au e, 2ape’e; oV
=—2 2 = ——¢,
day 3 3 da;

) N
ou e, 2apeqse, . oV

2 e
da, 3 3 da, °

du e; 2ape;2 oV

da; 3~ 3 da,

Thistime therearecrosstermsinvolved.

ou_ _ 2a,ee,2 ) B(V)li

da; ° 9 da, 3

aue _2""290622 a(v)zez
da, 0 9 da, 3

ou o = 23380632 - a(v)3%

dag 9 da, 3

At first glance,one might think theseare incorrect, sincethe signsof the derivatives are supposeo be opposite.
Actually they are,but it is hiddenin an accountingtrick :-) For example,the derivative of u with respectto al has
afactorof e1"2,which makesit negative. The derivative of the first componenf V with respectto a0is positive.
Keepingall theinformationaboutsignsin the e’s makesthingslook non-standardyut they arenot.

Notethatthesearethreescalarequalities. TheotherCauchy-Riemanequationgvaluateto asingle3-vectorequation.

This represent$our constraintson the four degreesof freedomfoundin quaterniongo find outif afunctionhappens
to beanalytic.

This alsosolvesa holonomicequation.

({ou 8V a8V oV
Scalar ll

\
f f v o €h5, €4, €5, € =
da, oa, da, aa3J( 0 €10 €2 €3)

2 aseqe 2 ageqe 2 aygeqe
=2aoeo3 + 030 1el+ 030 2e2+ 030 3e

Sincepower seriescanbe analytic, this shouldopenthe doorto all forms of analysis.(l have donethe casefor the
cubeof g, andit toois analyticin q).

=0

4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelike derivatives. Therearefive otherregionsof spacetimeo cover. The
simplestnext caseis for pasttimelike derivatives. The only changeis in the limit, wherethe scalarapproachegero
from below. Thiswill make mary derivativeslook time symmetricwhich is the casefor mostlaws of physics.

A more complicatedcaseinvolvesspacelile derivatives. In the spacelile region, changesn time go to zerofaster
thanthe absolutevalue of the 3-vector Thereforethe orderof the limit processess reversed. This time the scalar



approachesgero,thenthe3-vector Thiscreates problem becauseafterthefirstlimit processthedifferentialelement
is (0, D), whichwill notcommutewith mostquaternionsThatwill leadto thedifferentialelemeniotcancelling.The
way aroundthisis to take its norm,whichis ascalar

A spacelile differentialelemenis definedby takingtheratio of adifferentialquaterniorelementD to its 3-vector D -
D*. Letthenormof D approactzero.To bedefined thethreevectormustapproactzerofasterthanits corresponding
scalar To make the definition non-singulareverywhere multiply by the conjugate.In thelimit D D*/((D - D*)(D -
D*))* approachegl, 0), ascalar

af(d, g%, g*1, g*?) af (q, g*, g*, g*H)”
aq aq -

= limit  as (o, B)_ >0(Iimit as (d, B)_ > (o, B)
((F(a+ (¢ D) a* ot a*?) -f @ o a*t, a*)) (d, D)
(f (q + (d, B), q*’ q*1’ q*z) —f (q, q*’ q*l’ q*2)) (d D) 1*))

-1

To make this concreteconsidera simpleexample,f = 2. Apply thedefinition:

Norm{a—q] limit —>O(Iimit as (d, 5)—>(0, _15)
((((aB) + (@ 6))2- (= 8)°) *

(0:8) 7 (= 8) + (0. B))"- (2. B)") (0. B) 7)) =
<im (((a B) + (0. B) (=, B) (0. -B) /norm ({0, B)) + (0. B))

(2. B) + (0. B) (=. B) (0. -B) /norm ( (0. B) ) « (0. B))") -
The secondandfifth termsareunitary rotationsof the 3-vectorB. Sincethe differentialelementD could be pointed
anywhere thisis anarbitraryrotation.Define:

(a, §) = (0, B) (a, ﬁ) (0, —5)/norm ((0 B))

Substituteandcontinue:

- (4a‘2 +2B.B +2B. B, 6) <= |2q/?
Look athow wonderfullystrangehisis! Thearbitraryrotationof the 3-vectorB meanghatthis derivativeis boundby
aninequality If D isin directionof B, thenit will beanequality but D couldalsobein the oppositedirection,leading
to a destructionof a contribution from the 3-vector The spacelile derivative canthereforeinterferewith itself. This

is quite a naturalthing to doin quantummechanicsThe spacelile derivative is positive definite,andcouldbe usedto
definea Banachspace.

Defining the lightlik e derivative, wherethe changein time is equalto the changein spacewill requiremore study
It may turn out that this derivative is singulareverywhere but it will requiresomeskill to find a technicallyviable
compromisebetweerthe spacelile andtimelike derivative to synthesighelightlik e derivative.



