In this notebook] will proposea unifiedfield Lagrangedensityto unify gravityandEM. Hereis thelist of topicsto be
covered:

I: ThelLagrangedensityitself

II: Fieldequations

[ll: Classicafields

IV: Dynamicmetrics

V: New constanwelocity solutions
VI. The Stress—energiensor

VII: Quantization

Everythingwill bedoneusingstandardechniquesn four dimensions.

I: The GEM Lagrange density

Whatis a Lagrangedensity?t is a scalarfunctionthatdescribesll the massandenergyinteractiongerunit volume,bar
none.The completedescriptionof all energyasit happengo bedistributedperunit volumeis why a Lagrangedensityis
important.Oncethe Lagrangedensityis set,everythingelsefollows, includingthingslike thefield equations,
energy/momentungndwhetherthe proposalkcanbe quantized Thelogic of mathematicaphysicsis unbending.

The coreideais to startwith the classicaMaxwell lagrangedensity,andgenerizet enoughsothatthe Lagrangiarcanalso
describggravity. Hereis the Lagrangedensitythatwill be studied:

1
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Jy =electricchargecontravariant 4 -current density

Jn, = mass charge contravariant 4 - current density

A, =gravity /EMcovariant 4 - potenti al

vV#A” =contravariant 4 -derivativeof acontravariant 4 - potenti al
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Thesearethe unitsof thecomponent®f the Lagrangedensity.
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Evaluatethe unitsof the Lagrangedensity:the massandelectricchargein motion,andtheasymmetridield strengthtensor.
If youareunfamiliarwith Mathematica, "/." indicatesrulesfor substitutionso/. unitsmeanghe unit ruleswill beusedto
substituteinto the precedingexpression.lt is away to checkthatall the partsof the Lagrangedensityhaveunitsof z-.
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The chargecouplingterm (J.A) representthe energyof the electricandmasschargesn motionin a potentialperunit
volume. Thefield strengthtensortermrepresentsall theenergyin a changingpotentialin flat or curvedspacetimeThe
ideaof treatingmasstechnicallyasa chargeis notnew,butis alsonot widespread.Onebasicquestions howto getthe
unitssuchthatelectricandmasschargeareidentical In the Gaussiarsystemtheunitsfor g canbefoundfrom Coulomb’s

law: F = qq . Theumtsofforceare B, soq? = m" ,orq= le_s . Odd,buttrue. Determinethe unitsof v G m:
L3 m= XM t sotheumtsofq andvV G mareldentlcal "v G m" will bereferredto as"masscharge”sothatthe

IanguageparalIelselectnccharge

Half of thetermsin this Lagrangedensityarepartof the standarctlassical agrangedensityfor EM: theelectriccurrent
densitycouplingto the potentialfield (-J4 A, ) andtheantisymmetrielectromagnetiield strengthtensor
(F* =o* A" — 9 A*) which getscontractedvith itself.

Onenewtermis a masscurrentdensitycouplingto the samepotentialfield (+J5, A,). Onemightwonderwhy J¢ is not
redefinedto includethe masscurrentdensity. Thereasorhasto do with the signdifferencebetweerthe currentdensity
couplingandthefield strengthtensor. For EM, the samesignfor boththe EM currentcouplingandfield strengthtensor
will leadto field equationsvherelike electricalchargesepel. Forthe masschargethedifferencein the signbetweerthe
masscurrentcouplingandthefield strengthtensomwill leadto field equationsvherelike masschargesttract,a key
propertyof gravity.

The secondadditionaltermis the contractionof a symmetricfield strengthtenson(V# A” + V¥ A*). In orderto transform
like atensor,t requirescovariantderivativeg"V") unlike theantisymmetridensor’sexteriorderivative("9"). Thecovart
antderivativeis away to saythe 4-derivativedepend®n how a metricchanges.The exteriorderivativeis unaffectedoy a
metricchanging. Why thedifference?A metricis asymmetrictensor. Any changesn themetricwill only showupin the
symmetrictensor.

Let's think aboutthe symmetryof thefield strengthtensors.Onetypeof symmetryis aboutthe orderof theindices. If u
changeglaceswith v, the symmetrictensor(V# A" + V¥ A*) will notbechangedbputall thesignsin theantisymmetric
tensor(0* A" — 9" A*) would haveto beflipped. This maybewhy thereis onechargefor massandtwo for electricity.
Theasymmetridensor v# A” doesnot havea simplerelationshipwith v¥ A“. It is alsocalledreduciblebecausét canbe
representedy theirreduciblesymmetricandantisymmetridield strengthtensors.

Becausehereis not, x, or anglesn the Lagrangiangnergy linear,andangulatmmomentunwill be conservedThisis a
technicaladvantag@verthe Hilbert actionof generakelativity whereenergycannotbe definedlocally. EM is agauge
theory,asis generakelativity. Heretoo thereis a gauge a choiceonemustmakebeforedoinga calculation.The choiceof
gaugearrisesfrom thedefinition of a covariantderivative:v+ AY = g* A” —T',.*” A” . Foramanifoldwith atorsion—free,
metric compatibleconnectionthereis onemetricthatuniquelydetermineshe connectionasis donein generarelativity.
Onehastheability to choosea gaugewhichis abouttherelationshippetweerchangesn the potentialandchangesn the
metric. Onecouldchoosdo work in flat Euclideanspacetimein which caseall the changdoundin the covariantderiva
tive will bedueto the standardlerivativeterm,o* A”. Or the potentialcouldbe chosersoit makesno contributionto the
contravariantlerivative,andeverythingdepend®n the changein metric,I',.*” A”. Thereareaninfinite numberof gauge
choiceshetweerthesetwo extremesThe potential/connectiodiffeomorphismis thekey unifying link betweergravity and
EM.

Eventhoughl workedwith asymmetricsymmetricandantisymmetridensorgor awhile, | still wonderedabouttheir
relationshipgo eachotherbecause havelittle day—-to—dayexperienceavith indices.Oneway to seepreciselywhatis going
onis to startwith anasymmetridensorrepresentedsa 4x4 realmatrixfilled with randomintegers:

1 1 2 3

5|5 6 9 8]
0 7 11 12|’
13 0 16 0

Takethetranspos®f this matrixto getB, andit shouldbeobvious:B*” doesnothaveanysimplerelationshipto B .
The challengss to rewritethis matrix asthe sumof a symmetricandanantisymmetrianatrix. Try it!

Hereis the simpleidea:the symmetricmatrix is the average valuesof the two valueson oppositesidesof the diagonal,and
the antisymmetrianatrix is the deviation from those average values:
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Mat ri xFor mBAve = B+Transépose[|3} ]

1 3 1 8
36 8 4
1 8 11 14
8 4 14 0
Mat ri xFor m[BDev = B - Transpose [B] ]

2
0 -2 1 -5
2 0 1 4
-1 -1 0 -2
5 -4 2 0

B - (BAve + BDev)
{{o, o, o, o3, {0, O, O, O}, (O, O, O, O}, {0, O, O, O0}}

Isn’t thatcool? Takingatranspos®f thefirst matrixis notgoingto changeanaverageralue. Takingatransposef the
deviationsfrom averagewill flip all thesigns,butno magnitudes.Theaverageamountof changesymmetricmatrix takes
the averagevaluesoff the diagonalandthe diagonalitself. Thesymmetricmatrix representsenof the sixteentermsof the
asymmetridensor. Forthe antisymmetrianatrix, the diagonalis all zeroesandrepresentthe remainingsix terms.The
averagevaluecanbeindependenotf the deviationfrom theaverage.

Now we canusenewwordsto describehe symmetricfield strengthtensorandthe antisymmetridensor. Theaverage
amountof changen the4—potentialis V¥ A" + V” A*, whichincludeschangeshatoccurdueto a changingmetric. How
muchthemetricchangesn involvedin the gaugechoice. Thedeviationfrom thataverageamountof changes thetensor
o* A — 9¥ A*, whichexcludesany contributionby a changingmetric. Thecompletecovariant4—derivativeof a contravas
iant 4—potentiaffield strengthtensoris the averageamountof changesymmetrictensomlusthe deviationfrom theaverage
amountof changeantisymmetridensor.

In summarythe Lagrangadensityunderstudyhastwo parts:a couplingtermfor electricandmasschargein motionin a

potential,andthe averageamountof changeanddeviationfrom the averageamountof changen a 4—potentiaffield
strengthtensors.

ll: Field equations

Whatdoesonedo with a Lagrangedensity? It cannotbe measuredlirectly. Insteadpy takingcertainderivativesthings
which arephysicallyobservablarefound. In this sectionthefield equationsarederived. Field equationsareusedto
describehemotionanddistributionof particlesin avolumeof spacetime.

How doesonegeneratdield equations?Apply the Euler-Lagrangequationto a Lagrangedensity. It is thatformulaic.

It would be betterto understandiow the Euler-Lagrangequationworksits magic. Hereis a sketch. Considemwhatwould
happenf the Lagrangadensitywereintegratedbveravolumeandtime in curvedspacetime:

S = JL i -det g dvdt

The actionis theintegralof all the massandenergyinteractiongerunit volumeoveravolumeandtime. If £ is varied,
but thevalueof theintegraldid not changeoverarbitrarytimes,thenbotha symmetryof theactionanda conserved
quantityhasbeenfound.
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If the Lagrangedensitydependonly onthepotentialA” andthefield strengthtensorv,, A" becaus&verythingelseis
knownup to a diffeomorphismthevariationof theactionS will alwaysbe zeroif:

0L _ . oL
o A 3 (VE AY)

This is the Euler-Lagrangequation.
To getMathematica to do this 19thcenturymathrequireshata few thingsgetdefined:

covariantvec[A ]:={A[[1]], -A[[2]], -A[[3]], -A[[4]]}
contraD[A ] : =

DIA[[1]], t]  D[A[[2]], t]  D[A[[3]], t]  D[A[[4]], t]
“¢D[A[[1]], x] -c¢D[A[[2]], x] -cD[A[[3]], x] -cD[A[[4]], X]
¢D[A[[1]], y] -c¢D[A[[2]], y] -cD[A[[3]], y] -cD[A[[4]], Y]
“¢D[A[[1]], z] -c¢D[A[[2]], z] -cD[A[[3]], z] -cD[A[[4]], Z]

DIA[[1]], t] D[A[[2]], t] D[A[[3]], t] D[A[[4]], t]
coD(A | : - | CDIATILI], x] €DIA[[2]], x] ¢DIAL[3]], X] CDIA[[4]], x]
¢DIA[[1]], y] ¢D[A[[2]], y] cD[A[[3]], y] cD[A[[4]], y]
¢DIA[[1]], z] ¢D[A[[2]], z] ¢D[A[[3]], z] cD[A[[4]], Z]
contrabDvu[A ] :
DIA[[1]], t] -cD[A[[1]], x] -cD[A[[1]], y] -cD[A[[1]], Z]
DIA[[2]], t] -cD[A[[2]], Xx] -cD[A[[2]], y] -cD[A[[2]], z]
DIA[[3]], t] -cD[A[[3]], x] -cD[A[[3]], y] -cD[A[[3]], Z]
DIA[[4]], t] -cD[A[[4]], x] -cD[A[[4]], y] -cD[A[[4]], Z]
DIA[[1]], t] cD[A[[1]], x] cD[A[[1]], y] cD[A[[1]], Z]
DIA[[2]], t] cD[A[[2]], x] cD[A[[2]], y] cD[A[[2]], Z]
Dvu A =
CONVUIAT “= | piA[[3]], t] cD[A[[3]], x] cD[A[[3]], y] cDA[[3]], z]
DIA[[4]], t] cD[A[[4]], x] cD[A[[4]], y] cD[A[[4]], Z]
symTetrch[A] ntraD[ ] + contrabDvu[A]

'—'O

antisynmmetri cD[AT =contraD[A] -contraDvu[A]
contract MI[A , B 1 :=Sum[A[[i, j11B[[i,]j11, {i, 1, 4y, {j, 1, 4}]
Definethegravity/EM potential,andthe currentdensitiedor electricandmasscharges:
A={o[t, X, y, z], AX[t, x, y, z], Ay[t, X, y, z], Az[t, X, y, Z]};
Jg = {Pg: Jax, Jays Jaz };

Jm={om Im, Jny, I };

Now we candefineall thetermsin the GEM Lagrangian:
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Expand | (LGEM: ~covariantvec [Jq -Jm]. A/C -

contract MM[cont raD[A], coD[covari ant [A
Expand | [ [2(]:2 [ [A]]] 1) /.

{o[t, X, ¥, 2] >¢, AX[t, X, Y, 2] >AX, Ay[t, X, Vy, z] > Ay, Az[t, X, Yy, Z] eAZ}}

A Ay AZdm  Adg | AYdgy | A2dq | dom  $0q
c c c C C c c c
1 OAX[t, X, VY, Z] 2 1 O Ay[t, X, Y, z] 2 1 OAz[t, X, VY, Z] 2
?( 5z ) _7( 8z ) _7( 8z )
1 oolt, X, VY, z] 2 1 OAX[t, X, Y, Z] 2 1 OAyI[t, X, VY, z] 2
7( oz ) _7( oy ) _7( oy )
1 [ 0AzZ[t, X, ¥, z]\2 1 [ 0¢[t, x,y, z]\> 1 ;0AIt, X, Yy, 2]\
7( oy ) +7< oy ) 77( X )
1 OAYI[t, X, VY, Z] 2 1 OAz[t, X, Y, Z] 2 1 oolt, X, V¥, Z] 2
7( dX ) _7< BX ) +7( dX ) N
AMX[L,X,y, 2] \2 OAYI[L, X, Y, z] 2 OAZ[t,X,y, 2] 12 Bolt,x,y,z] \2
( ——5=) . ( 5= . (—=%——)  (—%"=)
2c? 2¢c? 2c? 2c?

Definefunctionsto applythe Euler-Lagrangequationgo a Lagrangedensity. ThefunctionpotentialDtakesthederiva
tive of a Lagrangedensitywith respecto the potential. ThefunctionfieldD takesa secondderivativewith respecto the
field of a Lagrangedensity. [Notationis neededsothe outputlooksintelligible to people.]

potential D[L_]:=Sinplify[{D[L, ¢[t, X, vV, Z2]],
DIL, Ax[t, x, y, z]], DL, Ay[t, x, y, z]], DIL, Az[t, X, y, z]]}];

fieldD[L_]:=

Sinplify[{D[D[L, ¢*%0® [t x, vy, z]], t]+D[D[L, ¢©@100 [t x, vy, z]], x]+
DID[L, ¢ %1% (t, x, y, z]], y] +D[D[L, ¢**%Y [t, x, y, z]], z],
DID[L, AxL000 1t x vy, z]], t]+D[D[L, Ax@LO0 it x y z]], x]+
DID[L, Ax©@OLO 1t x, vy, z]], y] +D[D[L, Ax©@00D t x vy z]], z],
DID[L, Ay %00 1t x, vy, z]], t]+D[D[L, Ay @100 1t x y z]], x]+
DID[L, Ay ®®L0 1t x,y, z]], y] +D[D[L, Ay @00 D 1t x, vy, z]], z],
DID[L, AzL 000 it x 'y, z]], t] +D[D[L, Az©@LOO 1t x vy, z]], x] +
D(D[L, Az®%L0 1t x,y, z]], y] +D[D[L, Az®%OD [t x, vy, z]], z]}]

Apply to the GEM Lagrangedensity:
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(-Si nplify[Expand[c potential D[LGEM]]] == -Expand[c fi el dD[LGEM]]) /.
{olt, X, ¥, 2] > ¢}
{-om+0q, Jnx —Jar Jrry —qu, Jme —qu} ==

82 ¢[t, X, V, z 3% ot, X, V, z
{7C( [622y }}7(;( [6y2y JJ’

+

o[ OPolt, Xy, 2] FOGEXIL 62 AX[t, X, Y, Z]
ox? c ’ 0z?

2 2 8% AX[t,X,Y,2]
C(@ Ax[tixiy,z])_'—c(@Ax[t,X,y’Z])_-—————————é—t——z-—————————

ay? ox2 Cc
8% Ay [t, X, y, Z] 8% Ay [t, X, Y, Z]
c | 522 e oy? |-

c 2 AY[t, X, ¥, Z2] ) LAy 2] c 82 Az[t, X, Yy, Z] .
Ox?2 c ' 0z2

c o Az[t, X, Y, Z] c 82 AZ[t, X, Yy, 2] Lhelxy.z]
oy? ’ X2 - o }

This is a4D waveequatiorwith two chargespnewherelike electricchargesepelandanothemwherelike masscharges
attract.
IsolateGauss'staticlaw for thefirst 4D waveequatiorwherethe masschargedensityapproachegero.
- (cpotential DILGEM [[1]] /. om—0) = -Expand[c fiel dD[LGEM [[1]]] /.
¢Z 0001t x,y, 21 50

o2 ¢t, X, y, Z] e o2 ¢[t, X, Y, Z] e o2 ¢[t, X, Y, Z]
0z2 dy?2 Ox2

Dq = —-C
IsolateNewton’sfield equationfor gravity for thefirst 4D waveequationfor the situationwherethe electricchargedensity
goesto zeroandthe secondime derivativeof phiis zero.

-(cpotential DILGEM] [[1]] /. pg » 0) =

- (Expand[c fiel dD[LGEM [[1]]] /. ¢Z%00 [t x, vy, z] >0)

o2 ¢[t, X, Y, Z] e o2 ¢[t, X, y, Z] e o2 ¢[t, X, y, Z]
0z2 oy?2 ox2

-Pm = -C

This themasschargedensity,not massdensity.This mustbethe casefor the unitsto be consistentisingthe same
gravity/EM potential.lt is afun exercisego applythesetwo equationgo a protonpointchargeat lcm. Themasschargeis
somethingdike 13 ordersof magnitudesmallerthanthe electriccharge andwe only canmeasureheelectricchargeto ten
significantdigits.

"GeneralGausslaw" is my namefor the covariantunified field law modeledon the onefrom EM:

-c potential D[LGEM] [[1]] == -Expand[cfiel dD[LGEM] [[1]]]
2 p[t
—Pm + Pq ::—C( O ol ’OZXZ' y, 2] J_
c &% olt, X, y, Z] c o2 ¢lt, X, Y, z] M—[g}ﬁﬁ
( @yZ )_ ( ox? * c

The covariantform is expectedor Gauss'law, butis significantnewsfor Newton’slaw of gravity.
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[1l: Classical fields

Thelong name"EField" for E mustbe usedsinceE means2.718...to Mathematica.Definethefive classicafieldsthat
constitutetheasymmetridensorv* A"

Efield= {-D[AX[t, X, ¥, z], t] -cD[¢[t, X, Y, 2], X],
- [A [t,X, yv Z],t]*CD[¢[t,X, y! Z]!y];
- [AZ[t,X, yv Z],t]7CD[d)[t,X, y! Z],Z]}
e={D[AX[t, X, y, z], t] -cDlo[t, x, Yy, z], xX], D[AYy[t, X, vy, z], t] -
cDlo[t, X, Yy, z], y], D[Az[t, x, y, z], t] -cD[o[t, x, y, 2], z]}
B=cCurl [{AX[t, X, VY, 2], Ay[t, X, vy, z], Az[t, X, V¥, Z]}]
b=-c {D[AY[t, X, VY, 2], z] +D[Az[t, X, Vv, z], ¥], +D[AX[t, X, VY, z], 2] +
DAz [t, x, vy, z], X], D[AX[t, X, y, z], y] +D[AY[t, X, V¥, z], X]}
g={D[o[t, X, Yy, z], t], -cD[AX[t, X, V¥, Z], X],
-c D[AY [t, X, vy, z], y], -cD[Az[t, X, vy, z], 2]}
oolt, X, VY, Z] O AX[t, X, Y, Z]
(- | BX ) - ot !
c oo[t, X, Y, Z] OAY[t, X, VY, zZ]
- ( oy )’ ot ’
oolt, X, VY, z] OAz[t, X, VY, Z]
‘C( 5z )‘ at }
dolt, X, ¥, Z] OAX[t, X, Y, Z]
{*C< ax )* at ’
dolt, X, ¥, Z] OAY[t, X, VY, Z]
= 3y )+ ot ’
oo[t, X, VY, Z] OAz[t, X, Y, zZ]
_C( oz )+ ot J
OAY([t, X, VY, Z] OAz[t, X, Y, Z]
{e (_( oz )+ oy )
c OAX[t, X, VY, Z] OAz[t, X, VY, Z]
( oz - X )
OAX[t, X, Y, Z] OAY[t, X, VY, zZ]
C(_( oy )+ X >}
OAY([t, X, VY, Z] OAz[t, X, VY, Z]
{_C( oz * oy )’
OAX[t, X, Y, Z] OAz[t, X, Y, Z]
7C( oz " X )
OAX[t, X, Y, Z] OAY[t, X, VY, Z]
7C( oy i X >}
oolt, X, ¥, 2] OAX[t, X, VY, Z]
{ ot =3 ax J'
OAY[t, X, VY, Z] OAz[t, X, Y, Z]
_C( oy ) _C( oz )}

Write outtheantisymmetridE + B), symmetric(e + b + g), anda symmetrictensorgall) in termsof theindividual
components.
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Mat ri xFor mlanti symmetri cD[A]]

0

—C(

9o[t, X, Y, 2]

OX
-C (

O¢[t,X,y,2]

oy
-C (

O¢[t,X,y,2]

oz

Mat ri xFor m[synmetri cD[A] ]
2 ( o¢[t, X, y,2]

ot
-C (

9o[t,X,Y,2]

OX
-C (

0¢[t,X,y,2]

oy
-C (

Op[t,X,y,2]

oz

,Z])

c ( azp[t,(a);,y,z] ) + @Ax[tétx,y,z]

0

-c ( aAX[té;,%Z] ) +C ( aAy[té;:,y,
_c < 6Ax[t,@;<,y,z] ) +C ( aAz[té;((,y,
_c < 6¢[t,@>§(,y,z] ) . OAx[tétx,y Z]
_2c ( an[té;((,y,z] )

-c ( OAX[té;,y,ZJ ) - ¢ ( GAy[té:,y
_c < 6Ax[t,@;(,y,z] ) _c ( aAz[té;((,y

,Z])

Sinmplify[MatrixForm[ (symretri cD[A] +antisymmetricD[A]) /2]]

oplt,X,y,2]
ot

ox

—c ( OBt X, Y, 2]
c Op[t, X, Y, 2]

oy

-c oz

Op[t,X,y,2]

OAX[t,X,Y,2]
6]

OAX[t,X,Y,2] )
OX
OAX[t,X,Y,2] )
oy
OAX[t,X,Y,2] )
oz

SAY[t,X,Y,2]
ot

c ( @Ay[t(,j))((,y,z] ) c
-C ( @Ay[té;vy,u ) -C
c ( @Ay[té;(,y,z] ) c

To dodiv, grad,curl andall thatrequireshevectoranalysispackage:

<< Cal cul us* Vect or Anal ysi s*

Set Coordi nates[Cartesian[x, vy, z]1];

(
(

OAZ[t,X,Y,2]
o

(

_C(

—C(
—C(

-2¢ ( OAy[té;,y,ZJ

-c (

OAz[t, X, Y,2] )

X

OAZ[t,X,Y,2] )
lé)

OAZ [t,X,Y,2]
(&)

0o[t,X,y,2] )

oy

oy

OAY[t, X, Yy, 2]

oz

O[t,X,y,2]

oy

OAX[t, X, y,2Z]

oy

OAY[t, X, Yy, 2]

oz

To getthesignscorrect,it is vital to noteoneis usinga contravariantlerivative(V#) to contractwith thefield strength
tensor(V, A”). TheoperatorsontraDivandcontraCurltakethisinto accountHereis the GEM versionof a unified Gauss’

law:

syncurl [{a_, b_
grad3[{a_, b_,

contraGad3[v_] :
(Jg -Jm) [[1]] =

—Pm+ Pq = —Cz (

[

{D
V]

82 p[t, X, Y, z]

CZ 62 d)[t! X, y! Z]
[ oy?

-«

z] +D[c, y],
[b. X7,

viEfield] +Divie]) +

Dfc, y], D[d, z]}

Dic, x] +D[a, z],

D(a, y] +D[b, x]}

Dlg[[1]], t]

Thesesetsof substitutiorrulesarerequiredto setDivE = 0 andDiv e = 0:

-

]1

[(t, X, y, 2], y1, D[Az[t

[AX[t, X, Yy, Z]

_D d)[tl X' y' ZJI
[o[t, X, Y, Z]

]_>D[(b[ ,X yv ZJ,XJ,
X, ¥, 2],

]%—D[é[ , X, Y,
D[Az[t, X, y, z],
O}Y

t] ->D[o
z], ], D[
t] - -Dlol

Cc
2 plt, X, y, 2] AL
ox? c

D[Ay [t,
[t,x Yy, 2], Z1};
y[t, x,y, z], t]-
t, X, y, z], 2]},

X!

Yy, Z

]! t]_>

If thereis nodivergenceof the E field, no dynamicg, andno electricchargedensity,Newton'sfield equationdor gravity

results.

+

c ( OAX[t, X, Y, 2] ) -

)

) A
)

)
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7pm::Expand[% (Div[Efield] +Div[e]) +%D[g[[1]]]} /. pq -0 /. noEfield/. nogt
_ 2 62 (b[t! X, yl Z] 2 62 d)[tv X, yv Z] 2 62 (b[t! X, y! Z]
o co? [ S R ) e | SRR R AL ot [ S R

If thereis no divergenceof the symmetrice filed andm is zero,Gauss’law results.

(Jq-Jm>[[1]]:Sinpnfy[%(Div[Efie|d]+Div[e]>+D[g[[lc”’t]]/. om =0 /.
noe
82 o[t, X, Y, z
oo [ Folx vzl
o[ Pt Xy z] ) (P elt, X,y z]) TOlGEREL
e B e e R

Ampere’sLaw:

{(Qq-JIm) [[2]1], (Jq me)[[3]L (Jg -Im) [[4]1]} ==
S nplify[% (D[’Ef'f' d t] D[e(': Y] . curl [B] +synmcurl b1) + grad3(g)]

{_‘JIT)( +qu, _\Jn'y +qu, _\JITZ +qu} ==
2 2 2
{4(6 Ax[t,x,y,zJ}fc(a Ax[t,x,y,ZJJic(a Ax[t,x,y,z})+

0z2 oy2 ox2
CAEFLEL R AL, Xy, 2] P AL X, Y, 2]

c T 522 N oy2 -
C(asz[t,x,y,z])Jr?iwgfﬂ}"—y*ﬂ _C(azAz[t,x,y,z]}_
ox2 C ' 9z2
2 AzZ[t, x, Y, Z] P Az[t, x, y, z]| SLlLpvel
c _c ot }
oy?2 ox2 C

ThehomogeneouMaxwell equations
Simplify[DivI[B]]
0

. DIB, t]}

Sinplify[Curl [Efield] <

{0, 0, 0}

Thereareno gravitationalanaloggo the homogeneouMaxwell equations.

m |V: Dynamics Metrics

All of theequationswvritten sofar havebeenmanifestlycovariant,exceptfor the staticlaws. This meanshattheir form will
not changeno matterwhatmetricis used.Theequationswill notchangeheirform no matterhow the metricchanges
throughoutthe spacetimananifold. The metric may or may not satisfythe Einsteinfield equationseitherway, thefield
equationgemainthe same Althoughit is naturalto presumaeall thefield equationsverewritten with aflat Minkowski
metric, technicallythatdoesnot haveto bethecase.

In this section,| will showtwo differentroadsto a dynamicmetricwhichis consistentwith experimentatestsof weakfield
gravity. Thefirst approacHooksat Gausslaw whenthe derivativesaretreatedascovariantderivatives The secondoadto
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theidenticalmetricinvolvesfinding a solutionto thewaveequation pluggingthatinto aforcelaw, andrearranginghe
resultto look like ametric.

Considera static,sphericallysymmetric,systemin avacuum. The Gauss-likdaw for this proposais this:

% (V.E+v.e) =v, (0" A° + %A —2T,#0 A%) =0

Choosea potentialsuchthatthe derivativeof the potentialhappengo be zero.Thisiis effectivelya choiceof gaugesothat
the dynamicmetriccontainsall theinformationaboutthe massandelectricchargesn the system. Undertheseconditions,
calculatethe divergenceof the Christoffelsymbol.

VTOiOAO _ %vg()@ (gBi,O+905,i _gi 0,/3>Ao

Thefirst termdropsbecauseéhe metricis static. Thethird termdropsif themetricis diagonal BetamustequalO for the
metricto be non-zero.

Now we needto "guess"ametricthatwill solvethis equation.The metricmustreduceto the Minkowski metricfor asmall
mass It mustsolvea Poisson-likeequation Soa metricwith exponentialglongthe diagonalwith a 1/R in the potential,
mightwork. Hereis theexponentiametric:

(VG g-GM
Ew ez ot 0 0 0
2 (-/G g-GM
. 0 -E vzt 0 0 )
netric = R ;
2 (-\/G q-GM
0 0 _E@ g 0
2 (-/G g-GM
0 0 O — Ec2 VX2 +y2 172
g00 =netric[[1, 1]]
GM:+/G g
@ T KT
This is asingularsolution:
Sinplify]|
c? 1 1 1
N e D] goo D1990. X1, x] + D[ 55 DIg00, y1, y] + D[ 55 DIg0O, 21, z])]
0

If insteadthe gaugewe hadchosereflat, Euclidearmetric,thenthe equatiorfor the masschargedensitywould havebeen
aPoissorequationpm = v ¢, which hasthe singularcharge/Rsolution.

As anaddedcheck,useatensomotebookwritten by MathhewHeadrickof MIT's Centerfor TheoreticaPhysicgo
confirm the calculation:

coord={t, X, y, z};

<< di ffgeo5. m

Sum[Si nplify[D[Christoffel [[i, 1]][[1]], t] +D[Christoffel [[i, 1]]7[[2]], X] +
D[Christoffel [[i, 117[[3]], Y] +D[Christoffel [[i, 117[[41], 211, {i, 4}]

0

I like to confirmtheresultwasnottrivial (meaningall the componentsverenotzero):
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Tabl e[Christoffel [[i, 1]7[[1]], {i, 4}]
e iy /G (G M- q) X

0, ’
{ 2¢2 (x2 +y2 4 72)%2

GM3+/G q GM:-3+/G q

ey A[G (VGM-q)y edivr /G (VGM-q)z

2c2 (x2 +y2 4 72)%2 2c2 (X2 +y2 +72)%2 }

[A personahote:l hadfirst derivedthe exponentiametricin theway outlinedin the nextpartof this notebookThena
merefour yearslater,realizedthatthe divergenceof the Christoffel symbolhadto returnthe massdensity.Havingnever
calculateda Christoffelsymbolfor any metric,all of my work for four yearswasontheline, in anequationl did notknow
how to calculatellf it did notwork out, thenl would haveto tell everyonehisline of researctwaswrong.Needlesgo say,
| wasrelievedwhentheresultturnedout correctly.]

The bestknown show-stoppingproblemwith arankonefield equationoriginatesrom solutionsto the 4D waveequation,
Jq' —Imt' = 0? A*. A classof solutionshastheform of aninversedistancesquared.To generate forcefrom sucha
potential takethederivative. Theresultingforcelaw hasaninversedistancecubeddependencesothis potentialis obvi-
ously not physical.Newtoniangravity is notaninversecubeforcelaw, neverwas,neverwill be.

It hasbeenshownwhatconditionsgeneratéNewton’sfield equationsJn? = V2 A°. A potentialthatsolvesthis equation
hasaninversedistancedependencesothe spatialderivativewill beaninversesquarethe correctform neededor a

gravitationalforce law. Imaginethat‘;zt—f is anincrediblysmall,but non-zeranumber. Thereshouldbe a smoothtranst
tion from the zeroto non-zercsituation,not a dramaticbreakdowrfrom inversedistancesquaredo aninversecubedforce
law. Gravity is far weakerthanthe otherthreeknownforces. Spacetimés hardly curvedatall by the masschargearound
us. Thissuggestperturbatiortheoryshouldbe appliedto the problem. Giventheway the Earthhaswobbledaroundthe
Sunfor four billion years thatkind of motionsuggests simpleharmonicoscillatorof somesort. The potentialmustsolve
thefield equations.Thederivativeof the potentialmustunderclassicabonditionshaveaF"{"—2 dependencednepossibility

would involve a simpleharmonicoscillator,with a springconstantelateddirectly to the sourcemassk = SM hasunitsof

L), overadistancesquaredqunitsof L"2). If so,thederivativeof the potentialwould haveunits of inversedistance.A
dimensionlespotentialwould havea spatialderivativewith unitsof inversedistance.Thehuntis on for adimensionless
perturbatiorthatsolvesthefield equations.A historicalnote:whenpeoplefirst workedwith the4D waveequationin the
eighteerhundredstheywould not haveconsideredhe notionof geometridengthfor amassanideathatarosefrom
generalelativity.

Let’s try andkeepthis assimpleaspossiblewithoutbeingtoo simple. Theideais to studysomethinga small stepaway
from classicaNewtoniangravitationalphysics— neutral,sphericallysymmetric notrotating,a 1/R potential- with a
modificationto includea smallcontributionfrom time (translation]R|>>> |ct|,but ct is not zero). Onesuchpotentialthat
solvesthevacuumfield equationss:

/Gh/c?

X2 +y2 +2z2 -t2”

al = { 0, 0, 0J;

test [potential ] :=

Simplify[{D[potential [[1]], {t, 2}] -D[potential [[1]], {x, 2}] -
Dipotential [[1]], {y, 2}] -Dfpotential [[1]], {z, 2}],
Dipotential [[2]], {t, 2}] -D[potential [[2]], {X, 2}] -
D[potential [[2]], {Y, 2}] -D[potential [[2]], {z, 2}],
D[potential [[3]], {t, 2}] -D[potential [[3]], {X, 2}] -
Dipotential [[3]], {y, 2}] -Dfpotential [[3]], {z, 2}],
Dipotential [[4]], {t, 2}] -D[potential [[4]], {X, 2}] -
Dipotential [[4]], {Y, 2}] -D[potential [[4]], {z, 2}]}]

test [al]

{0, 0, 0, 0}
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\/Gh

ET‘E—Z“/ units

\/m

VL

This is awell knownresultfor 4D waves— aninversedistancesquaredolvesthe equationnsteadof aninversedistance
like the 3D Poissorequation. It is interestinghatPlanck’sconstant is requiredto getthe unitscorrectsincethe presence
of this constants a signof the domainof quantummechanics.Thegoalis to studya potentialwith the form of anormat
ized simpleharmonicoscillator. Do thesestepstogethercreatea smalllinearperturbationandnormalizethe potentialto

the non—perturbedlistance[c? is the Lorentz—invariantistancenterval,x? + y2 + z% - ¢? t 2]:

2= <1+<%—>>2+<1+<%Vr>>2+e<1+(%))2—<1+<%‘r>>2' o 0 o
test [a2]
{0, 0, 0, 0}
%/. units
L
et

The potentiala2is a perturbatiomormalizedo itself, usingdifferentconstantso keepthe units consistent.Planck’s
constanis nolongerrequired,ndicatingthe problemhasgonebackto thearelativisticgravity domain(thereis c andG).

The potentialcontainsa shift (+1) anda rescalinqo_iz), neitherof which affectthe solutionto thedifferentialequation.
Takethederivativeof a2with respecto time andspaceo first orderin the springconstank:
Expand[D[a2, t]] /. k? 50
{ . 22c k . 0,0, O}
VG (-(1+ 25"+ (1 19"+ (1 £+ (14 X2

For asmalloscillation,thedenominatowill beapproximatel\2 2. This substitutionlist will makeit so (andfor other
casedo come).

sublist = {k* >0, 7(1+ l;; )2+(1+|*(”2X*) *(1+ kzy) *(1*%22")2%2’
2 2

)
o) ) ) ] e
S IR I S o
e e ) ) 2
o) ) ) ] e
S IR S R S e
) ] ) ) 2
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Expand [D[a2, t]] /. subli st

ck
—F, 0,0, 0
276 )

If the springconstanwvasequalto thegeometridengthof thesourcemassk = Gcg"' which hasunitsof distance)then:
Expand [D[a2, t]] /. sublist /. k> o
Expand [D[a2, x]] /. sublist /. k> <
Expand [D[a2, y]] /. sublist /. k> <
Expand (D[a2, z]] /. sublist /. k> <

VG M
(2¢er: 0 0 0
VG M
{-2¢oz 0 0. 0]
VG M
(2¢o2 & 00
VG M
2oz 00 0]

In theclassicalimit, ct —> 0 soo —> R. This hastheform sought:thederivativeof the potentialis the sourcemassovera
distancesquaredsothis couldbe a physicallyrelevantpotential.

Now we mightunderstanavhy brilliant peoplein the nineteenttcenturypassedy this possibility. Perturbatiortheoryis
not consideredelegant”. It is merelypractical. To associate sourcemassM with a springconstantith unitsof distance
( GCZM ) wasnotin thelexiconof the conceivableuntil the geometricapproactof generarelativity.

Evenif researcherodaywereto go throughthatmuchanalysisto gettheright inversedistancedependencéor the
derivativeof the potential theywould not be satisfiedoecausexperimentalistiaveconfirmedsmallchangesrerequired
for Newton’sfield equationdueto thefinite speedf gravity. Whatl hopeto find is a potential whenputin aforce
eguationcangeneratea metricequationconsistentvith all weakgravitationalfield testsof generarelativity. Fromthe
modernviewpoint,this goalis odd,becausgenerakelativity tells usthereis no force of gravity, only adynamicchangen
the metricof spacetime.l hopeto demonstrata force equationwhosesolutionfor a particularpotentialis achangen the
metric of spacetimeThatis whatthealgebrawill do.

Thefirst problemis to createa potentialthatonly involvesgravity, n o EM. A way to dothisis with a potentialwhose
derivativedie alongthediagonalof thefield strengthtensor:

f 000
, |logoo
VeA =10 0 h 0
000 j

wheref, g, h, j arethe appropriatederivatives of A”.

The normalizedperturbatiorpotentialworkedwith earlierwould haveoff-diagonalelementsandthusrepresent system
with massandelectricfields. Thetaskis to work only with gravity. Thealgebraioquestionbecomesiowto createa
potentialwhosederivativesonly lie onthe diagonalnothingoff-diagonal. Only first ordertermsof the springconstank
arebeingkeptfor thederivative.Changinghe signof the springconstank doesnot affectthe solutionof the 4D wave
differentialequationsbut doeschangethederivativeof the potential. For example the following sumof two normalized
perturbatiorpotentialssolvesthe 4D waveequation:
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. 1
di agonal SHO = +
{<1+<%én2+<1+<%¥n2+<1+<%én2—<1+<%;nz
M- e @ e @ (ka? o (k)
1 +
L ()% @ ()% e (e (k2% - 1e (KLy)®
1
kx |2 ky kz |2 kKt (2 '
(L (K07 @ (R e 1o (k2 ® oo (k)
1
k x k kz \ 2 ke 12
L (@ ()% @ (k2 o1 (Kb
1
(1 ()% @ () e 1o (k2 )® oo (kyy®
1 +
L ()% (@ ()% e (1w (k207 - (s (KL))®
: )
- ) @) @ () - (i)t

t est [di agonal SHO]

{0, 0, 0, 0}
Mat r i xFor m|Expand [Si npl i fy [contraD(di agonal SHO] /. sublist /. k GM]H
p mp y [ g ] /. - K2 o
&E Mt 4+ _GM G Mt F Mt E Mt
c4 o? cZ o2 c? o? c4 o% ¢4 o%
& M x G M x GM & M x & M x
c3 o4 cTof tTo? c3 o7 c3 oF
& My G My My GM &My
c3 o4 c3 o% At To? c3 o4
F Mz G Mz G Mz F Mz GM
c3 oF c3 oF c3 % cTor tTo?

Only thetermsto first orderin M will makea significantcontribution:

Mat ri xFor m[Nor mal [Seri es |

Expand [Si npl i fy [cont raD(di agonal SHO] /. sublist /. k»%izl\ﬂ]], (M 0, 1}]]]
wor Y
0 =M 0
0 0 =N
0 0 0 =M

It is ironic how muchwork is requiredto generateheidentity matrix timesa commonfactor.

Theforce equationfor massandelectricchargewill havethe sameform asthe Lorentzforce equatiorfor electriccharge
aone:
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Lorentz force equationfor EM

F:%qUV(OHAV—GVA“): aamtw whereU istherelativistic4-velocity
Lorentz force equati onfor GEM
1 o mW
_ = _ LAY
ch(q VG m U, V¢ A" = 5

Assumethatthereis no electriccharge(q=0). Plugin thederivativeof the normalizedpotentialwhich appliesonly to
gravity from above:

contractVM[V_, M ]:
{Sum[V[[i]] M[[
Sum{V[[i]]M[[

v=_{Ut], -U[z], -W[c], -Us[c]};

i 1, i
i 3, i

Simplify[-m[t] ccontractVM[v, Expand[contraD[di agonal SHO]] /. sublist]]

(- ckmit] Uzl c2kmic]Ui[t] c2kmizt] W] c2kmit]Us[t] |

o2 o2 ' o2 o?

Note G hasvanished.Don’t worry, it is in thespringconstank. TherelativisticforceF is writtenin termsof a derivative

with respecto theintervalr. 7 is relatedto o by theequation(ct)? = -o2. Sphericasymmetrywill be presumedrom
hereon,so(U_1,U 2,U_3)will bewrittenasU_R. Makethesechanges:

{_Ckm[t]Uo[t] ckmiz] Ur[r]

} /o o-lcer

o2 ' o2
kmit] U [T] kmit] Ur[T]
{ c t? T c t? }

Apply the chainrule to thechangen momentum.
Dim[c] U [c], t]
Uitimi[z] +mzc] U [T]
Dimiz] U, [c], t]
U, [t]m[z] +mit] U, [T]

In this sectionwe assuméhattestmassdoesnot changen spacetimeTo find anewconstanwelocity solutionin alater
section thisassumptiomwill notbemade.

{km[zé]tLZJo[tJ o km[é]th[t] }/' {m[t] -0, m<t] >m
kmU [T] kmUg[7]
{ C‘E2 L C-E2 }

Presumehe equivalencerinciple sothe gravitationatestmassm ontheleft sideof theforce equationcancelgheinertial
massm ontheright. Solvethefirst orderdifferentialequations.

kmUy[t] kmUg[t]
- ct2 - ct2

DSol ve | { =mD[W [T], ], c .2

{(Wilt], W(t]}, t]
[{Wit] »e = C[1], Wrlc] »ecr C[2]}]

= mD[Uk[c], ]},

The nexttaskis to eliminatethe constant®f integration.Contractthe relativisticvelocity 4—-vectorsolution.
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In flat spacetimek—>0

2k

Limt[e s C[1

l_ll\)
|
®
O
N
N
~
N
o

C[11? -c[2)?
This canonly bethe casef theconstant®f integrationarevelocitiesin flat spacetime.

. . dt drR .
fI at Spaceti meConstraint = { C[1] > ¢ dtag: CL21 - m},
Apply this constrainto the contractedelativisticvelocity 4-vectorsolution.

2k

e v C[1]% - e C[2]? =c? /. fl at Spaceti meConst r ai nt
2

Kk

c2dt? eer ~ dRe e< e
dt au® dt au®

Sinceperturbatiortheoryhasbeenused,it hasalreadybeenassumedhatthe metricis closeto flat, thusthe contracted
dt au®

velocity is approximatelyc?. Multiply bothsidesby .

Expand| c?dt? e ¢t dR et | dtau® | o e? dt au?
P dt au? dt au? cz c2
2k
dt? e &t - oPRZC+ = dt au?

Themagnitudeof tauwill bethesameassigma(|ctau|= |sigmal~=R)To makethe metricreal,choosesigmato beimagk
nary,sothatcr ~ R. Makethesubstitutionst » & and k - &,

&

dt2 e o¢ _ dR2C+ /. {te CE’ ke%}] -= dt au®
2GM

at? e i IR T grap

The equationhasthe sameform asthe exponentiametricdiscusseaarlier

Mat r i xFor m[Di agonal l\/atrix[{e’%%ﬂ, _eeR, - eoR, 7e%%4}H

2GM

e R 0 0
0 _ewR 0 0
0 0 _ew® 0
0 0 0 _ewR

Take t he Tayl or series expansionfor asnall val ue of thegravitational field 3%.
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. 2 dR2 GM 2
Seri es [dt ezd’—c—zezd’, {¢, 0, 2}] /. ¢ —> W] —=dtau
R
dR2 (- 2K -2dt?) GM 2 dR 2) | GM 2 GM ;3 2
( +dt } C2R + [— C2 +2dt J (CZR) +O|:C2—R} ::dtau
Rewrite.
GM GM 2 GM, dR? 2
(1_202R+2(02R) )d (1+2 R)c—2:dtau’
The Taylor seriesexpansiorof theisotropicSchwarzschilanetric(MTW, exercise31.7)
¢ 2 4
. -5 2 0] dR? GM o 2
Series| +%] dt 7<1+§) <7 1o 0, 2}}/.¢7>—-—C2R -=dt au
R
dr? o) (- 2F--2dt?) GMm 3 dR 2) | GM 2 GM .3 2
[7‘6_2A+dt )+ CZR + 2C2 +2dt ] (Aa_z‘“ﬁ) Jro[CZR} ::dtau

Rewrite.

GM GM 2\ . » GM dR? 2.
(172 w2 [ arn ] )dt - (142 G5 o - dtau’;
This is exactlythetermstestedandconfirmedfor weakfield testsof generakelativity, sothis proposawill passall those
tests.Thisis knownasfirst-orderParametrize®@ost—NewtoniarflstorderPPN)accuracy! spoketo Clifford Will who
saidthatteststo secondrderPPNaccuracyarenot beingconductedr evenplanned Sowhatis the predicteddifferenceat
secondorderPPNaccuracyReuberEpsteinandlrwin Shapiroprovideaformula(Phys.Rev.D, 22:2947,1980):

3 G M
AB =TT (2 +2Y—B+Z€) C[‘l—Rz
For generakelativity, v, 8 ande areall equalto one:
3 GM .
AB =TT (2 +2y—B+Ze) wmcroarcseconds /.
{[v»1, 8->1, e>1, M>1.9810*° kg, R~>6.9610° m G-6.6710 ' %,
g M 1 1 ..
¢ ~>310° -, microarcseconds el/ (—O 50 80 10 )}
10. 8015

Generalrelativity predictshendingat the solarlimb at 10.8 microarcsecond§.he bendingfor theexponentiametricsetse
equalto 4/3:

3 GM .
A@zﬂ(z +2y—B+Z—e E—4——R—2~mcroarcseconds/.
{v»1, 8->1, €>4/3, M>1.9810*° kg, R~>6.9610° m G-6.6710 ' T(—g%z_,
g M 1 1
c->310 5 mcroarcse=conds+1/(360 50 B0 10~ )}
11.5216

The exponentiaunified field theorymetric predicts0.7 microarcsecondsiorebendingthanthe Schwarzschildnetric of
generalrelativity. Thecurrentmeasuremensf light bendingareon the orderof a hundredmicroarcsecond#t the micro-
secondevel, othereffectslike the speedf therotationof the Sunandits quadrupolenomentcomeinto play. Still thisis



Lagrangian_to_tests.nb 18

animportantmilestonethe exponentiametricis not a solutionto the Einsteinfield equationsbut couldbe confirmedor
rejectedon experimentagrounds.

m V: Classical constant velocity solution
We first needto deriveNewton’sgravitationalforce law from this completelyrelativisticone.

{_Ckm[t]Uo[t] ckmiz] Ur[r]

} == {DImt] W [t], t], DImz] U[t], ©]}

o2 ’ o2
ckmiz] U] ckmic] Ur[t]
{_ o2 ' o2 }:

{Wlt)mc] +mic] W’ [c], Urlc] m[c] +mic] Ur"[t]}

Newton’sclassicaforcelaw is conservativesothefirst termsof theaboveequatiorarezero.Presumehe changan mass
termcontributesothing.The springconstank becomeshe gravitationalengthof the sourcemass Thedistancesigma
becomesR.

conservativeForce = {(Uy[t] -0, U’ [t] »0};
noMassChange = {m [t] -0, m[t] - m};
springl sSour ceMass = {k - %LZM}

sigmaToR = {0 - R};

k k
(-okmiz)Sole] - ekME}YRIE ) (Dmie] U (c), o), DImic) Wil ©]) /.

noMassChange /. conservativeForce /. springl sSourceMass /. si gmaToR

(o, GMMUR [ ]

cre ) = (0, mU'[T]}

We now needto breakspacetimesymmetry We canno longerusearelativistic4—velocityor 4—accelerationThe question
is whatis now theappropriatederivativesanddirectionsfor thosederivatives™Newton’slaw describes staticforcefield,
sotheintervaltau hasthe samemagnitudeasthe absolutevalueof thedistance|R|.

{D(t [c], ], ¢D[R[z], ]} /. {t>R}
{t"[R], cR[R]}

In classicabhysicstimeis independendf spacesothegammaterm here,g—tﬁ, is zero. Theothertermis a unit vectorin
theR direction.This saysthatchangeonly happenslongthedirectionof R, areasonablstatement.

{D[t [t], T], c? D[R[t], {t, 2}]} /. {t=>R} /.t [R] ->0
{0, c2R'[R]}

This acceleratiorstill is not classicabecausét containshe constant?. Oneway to eliminateit is to substituteR/c—>it. Do
thattwice,andin popsa minussign,outgothec’s.

(D[t [t], ], ¢2D[R[T], {t, 2}]} /. {t>R}y /. t’ [R] -=>0/. R [R] e—cizR” [t]

{0, -R"[t]}
This is the classicalccelerationPlugthis substitutionsnto therelativisticforce law:
changeOnl yAl ongRhat = {Ur[t] - Cc R};

vel ocity2dRdtau = {Ur > R’ [T]};
dtau2t = (R’ [t] - -R"" [t]};
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(-okmic] el ckmWRlTl ) Dimic) (), o), DImit] Lelc], ©]} /.

noMassChange /. conservativeForce /. springl sSourceMass /. sigmaToR /.
changeOnl yAl ongRhat /. vel ocity2dRdtau /. dtau2t
{0, GmMR

) = (0, m(-R'[t]) ]}

Thisis Newton’sgravitationaforce law.

Oneinterestingthingto exploreis the consequences not assuminghe distributionof massn factdoeschangen space
time. Thederivationrelied on assume staticsystem sothe changan masswith respecto time mustbezero.Sincethe
derivativeis with respecto spacetimethe effectof gravity couldalsobe on the distributionof massn space Excluding
point sourcesit is clearthatthe densityof massdoesvary with respecto distance.

If thereis
not Rhat.

aneweffectof thegravitationalforce with respecto distancethevectormustpoint alongthevelocity vector,
{o, %} = {0, -D[m[t ] D[R[t], t], t]} /. R->R+V /. m [t] -cm [R]

o, W} = {0, -cmM[RIR[t]-mt]R [t]}

DSol ve[% = -D[m[R], R}, mR], R]

{{m[R] > e=* C[1]}]

Thec in thenewtermis importantbecausdt saysthe neweffectwill besmall(mostof any effectwould be accountedor
by c). This smalleffectwill havea 1/R dependencejot1/R?. Thisis preciselythekind of form of anequatiorthatthe
Modification of NewtonianDynamics(MOND): a smallfactorthateventuallymakesa big contributionbecaus®f the 1/R
dependence.

Sofar, | havebeenunableto applythis newsolutionto a problemin astronomy.The mathis a bit tricky, andmy skills are

limited. It

is absurdlyrareto find a newclassof solutionsinvolving gravity, butit mustbe appliedto a knownsituation

beforethe approacthasany possibility of beingaccepted.

m VI: The Stress—Energy Tensor

The stress—energiensoris a secondanksymmetrictensor.Hereis formulato calculateit:

T =

ov, As

Z

Calculatethe derivativeof the Lagrangian:

oL
oV, As

VYA, = VFA° VY AL

Thetwo tensorghatcontractareeasyenoughto calculateseparately:

Mat ri xFor m[contraD[A] ]

9o[t,X,y,2] OAX[t, X, Y, 2] OAY[t, X, Y, 2] OAz[t,X,Y,Z]

ot ot ot ot
_c ( 6<z>[t,@>§(,y,z] ) _c ( 6Ax[té)>(<,y,z] ) _c ( @Ay[té;((,y,z] ) _c ( GAz[téf((,y,z] )
-c ( 6¢[t,@>§/’y,2] ) -cC ( GAX[té;,%Z] ) -c ( @AY[té;«y,Z] ) -c ( @AZ[té;,Y,Z] )
-c ( 6¢[t,@>;,y,z] ) -c ( OAX[t, X, Y, 2] ) —c ( OAY[t, X, Yy, 2] ) —c ( OAZ[t,X,y,Z] )

oz oz oz
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Mat ri xFor m[contraD[covari ant [A]]]

o¢[t,X,y,2]

OAY[t,X,Y,2]

OAZ[t,X,Y,2]

ot _<W) - ( ot ) - ( ot )
-c ( 6<z>[t,@>)((,y,z] ) c ( OAx[t,a;((,y,z] ) c ( aAy[té;((,yJ] ) c ( OAz[t(,j;((‘y,z] )
_c < 6¢[t,6>§l,y,z] ) c ( an[t,O;,y,z] > C < 6Ay[t,a;<,y,z] ) c ( 6Az[té)>/<,y,z] )
_c ( 6¢[t,a>;,y,z] ) c ( an[té;,y,z] > C ( aAy[té;,y,z] ) c ( aAz[té;,y,z] )
Make afunctionto do theright kind of contraction.
1 000
Uy - 0100
9WV=1001 0
00001
1 0 0 O
M nkowski Metric = 8 _01 _01 8
0O 0 0 -1
contract MM[contraD[A], coD[A]]
_C2<6Ax[t,x, Y, z])2 Z(OAy[t,x, Y, z]>2_
oz oz
o | OAZ[t, X, ¥, 2] \2 5, 0¢[t, X, ¥, 2] \?> o[ 0AX[t, X, Yy, Z]
¢ ( oz ) -C ( oz ) ¢ ( oy
2 ( OAY[t, X, Yy, Z] )2 2 ( OAzZ[t, X, Y, Z] )2_
oy oy
2 ( o¢lt, X, Yy, Z] )2 2 ( O AX[t, X, Y, Z] )2—02 ( OAYI[t, X, Y, Z] )
ay aX aX
2 2 2
I I
( OAYI[t, X, VY, z] )2 ( OAz[t, X, Y, Z] )2 ( oolt, X, VY, z] )2
ot ot ot
contract MMRM[nmL_, n2_] : =
Modul e[{u}, Table[{nml[[u, 177 nR2[[1, 1]] -ml[[u, 2]]nR[[1, 2]] -
ml{[u, 3]]n2[[1, 3]] -ml[[u, 4]]nR2[[1, 4]], -ml[[u, 1]]nR[[2, 1
ml{[u, 2]]nR[[2, 2]] +ml[[u, 3]]nR2[[2, 3]] +ml[[u, 4]]n2[[2, 4]
-ml{fu, 17723, 1]] +nml[[u, 2]]n2[[3, 2]] +ml[[u, 3]] n2[[3, 3]
mi[(u, 4]]nR2[[3, 4]], -ml[[u, 1]]n2[[4, 1]] +ml[[u, 2]] nR[[4, 2
mi[(u, 3]]n2[[4, 3]]+mL[[u, 4]]n2[[4, 4]]}, {u, 4}]]
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Mat r i xFor m|
Sinplify[Expand |- % cont ract MMBM[cont raD[A], contraD[covariantvec[A]]] +

Lz guv cont ract MM[cont raD[A], coD[A]]]]]

2c
2 2 2 2
L(_( OA[t, Xy, 2] \© _  OAYIE XY, 2] ) QAZft Xy, 2] ) 98[t. Xy, 2]y OAX[E XY, 2]
2 oz oz oz oz oy .
( 6Ax[té)>(<‘y‘z] ) ( OAX:tétx,y,Z] )+( aAy[t;j:‘y‘z] > ( dAy[tétx.y zZ] )+< SAz[t, X Yy, z] ) ( OAZ[tl.j‘X.y.Z] )+( dqﬁ[t.(;;.y.z] ) ( 6q&[t.0>:.y.z] )
( dAx{té;‘y‘zJ ) ( OAxrtétx,y,zJ Y+ ( dAthéx‘y‘zJ ) ( aAthC,jtx,y,zJ Y+ ( dAz[tC,jx,y,z, ) ( OAZH(-th-)’-ZJ Y+ ( 6Mt‘dx‘y‘zj ) ( dmt‘c;i‘y‘zj )
2¢c
( OAx[té;(,y,z] ) ( (?ijlé‘x,y,z] )+( OAy[té;,y,z] > ( aAy[Iétx,y,z] )+( OAZ[Ié;,y,zj ) ( OAz[tétx,y,z] )+( am[t,a);y,z] ) ( ﬁgﬁ[t,g;,y,z] )
2c

Expand (%] [1, 1]1]
2

1 OAX[t, X, Yy, Z] 1 OAY[t, X, Yy, Z] 1 OAZ[t, X, Yy, z]
_7< oz ) _7( a9z ) _7( oz )
1 (06[t, x,y,21\2 1 [ 0MAX[t, X, y, 2] \2 1 [ OAY[t, X, y, 2] 2
7( oz ) 77( oy ) 77( oy )
1 (0AZ[t, X, y, z1\2 1 /7 0¢[t, x, Yy, z]\?> 1 [0AIt, X, Yy, z] 2
7( oy ) _7( oy ) _7( X ) -
1 (0AYIt, X, y, 2] \2 1 [ 0AZ[t, x,y, 2] \2 1 [ B80¢[t, x,y, 2] 2
7( aXx ) 7v2—< ox ) ,_2_( dX )

This is asymmetricmatrix, asit mustbeto conserveangulatmmomentumin classicaklectrodynamicghe canonical
definition of the stresgensordensitydoesnot generatex symmetricmatrix, andthis mustbe corrected.

Write thefirst termusingthefields:

Expand[ciz(%g[[l]]2 1gg é(Efield+e).(Efield+e)7%B.87%b.bH
1 t,x Yy, Z] 2 1 OAYI[t, X, Y, Z] 2 1 OAz[t, X, ¥, Z] 2
7( ) _7( oz ) _7( 0z )

1 O¢>t,x y, z]\2 1 [ OAX[t, X, Yy, z]\> 1 [OAY[t, X, Yy, z]\°
7| ) -2 | 5y ) -2 | 5y )

1 o Az t,x y, 2] 2 1 dot, X, VY, Z] 2 1 O AX[t, X, Y, Z] 2
7| | -7 | sy 7 5% ) -
1 aAy[,x, y, z]\2 1 [ 0AzZ[t, X, Yy, z]\2 1 [06¢[t, X, y, 2]\
7( oX ) ,7< oX ) ,_2_( OX )

For classicaEM, the expectedesultis the sumof thesquare®f the electricandmagnetidields. | amnotsurewhatto
makeof all thedifferencedn this expression.

m VII: Quantization

In this section,| will seeif it is reasonabléo hopethatthe modesof radiationfor thefield equationsanbe quantized.
Whatis onewayto tell if modesof radiationfor a setof field equationgjeneratedrom a Lagrangedensitycannotbe
gquantizedTlassically energyandmomentumarenumbers.In quantummechanicsenergyandmomentunareno longer
numbers.Insteadtheyareoperatorsvhich acton awavefunction. Theaveragevalueof energyandmomentuncanbe
measured.An operatorcannotcommutewith its complementarypperator. For examplethe positionoperatorx andthe
momentunmoperatoPx, theircommutator[x, Px] = (x Px— Pxx), cannotequalzero. If theoperatoPxwasalwayszero,
the commutatofx, Px] would alsobe zero. For sucha situation,the proposakouldnotbe quantized.
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Let’'s examinethe situationfor the classicaEM Lagrangedensity:
Expand |

(LEM: -covariant [Jq].A/C - Expand[ (contract MM[contraD[A] - contraDvu[A],

1

4cZ
coD[covari ant [A]] -coDvu[covariant [A]]]) ]) /.

{p[t, X, ¥, 2] >, AX[t, X, Y, 2] >AX, Ay[t, X, VY, z] > Ay, Az[t, X, Y, 2] 9AZ}}

Ax g  AYdgy  Azdg  dpq L ( OAX[t, X, Yy, Z] )27

c c c c 2 oz
1 OAY[t, X, VY, Z] 2 1 dolt, X, VY, Z] 2 1 OAX[t, X, VY, Z] 2
?( oz ) +7( oz ) _7( oy ) *
( OAY[t, X, Y, Z] ) oAZ[t, X, Y, Z] )_i ( 0AZ[t, X, Y, Z] )2+
0z oy 2 oy
1 dot, X, Y, z]>2+ o AX[t, X, Y, z]> OAY[t, X, VY, Z]
?( oy ( oy ( X )_
1 ( OAY[t, X, Y, Z] >2+( o AX[t, X, Y, Z] ) ( oAZ[t, X, Y, Z] )7
2 X 0z oOX
1 ( OAZ[t, X, Y, ] >2+l ( d¢[t, X, Y, Z] )2
2 OX 2 X
2 O0[t,X,y, 2] OAY[t, X, Y, 7]
(Odn[ta);yz]) ( @Ax[tatxyz]> X (OAx[tatxyz]) . ( 6>;yz ) Y atxyz ) .
c 2c? c
( GAy[tétx,y,z} >2 ) ( c’)aﬁ[t,axz,y,z]) ( aAz[tétx,y,z]) . ( @Az[tétx,y,z] >2
2c? c 2c?

Defineafunctionto calculatethe generalizednomentundensity: The only tricky parthereis thatMathematica doesnot
wantto treata partialderivativeasa derivativevariable ,sosubstitutionsieedto be made thenundone.

monment um[L_] : = Modul e[ {noPd, toPd, no},
noPd = {&; ¢[t, X, Yy, z] »>dphidt, ox¢[t, X, vy, z] - dphi dx,

@yd)[ , X, Y, z] >dphidy, 6, ¢[t, X, ¥, z] >dphidz, 6 Ax[t, X, vy, z] - dAxdt,
AX[t, X, y, z] > dAxdx, oy AX[t, X, Yy, z] »>dAxdy, &, Ax[t, X, Yy, z] » dAxdz,

@t Ay[ . X, Y, z] - dAydt, axAy[ X, Y, z] > dAydx, oy Ay[t, X, y, z] - dAydy,

O, Ay [t, X, y, z] >dAydz, 6 Az[t, X, V¥, z] >dAzdt, oxAz[t, X, vy, z] - dAzdx,

Oy Az [t, X, y, z] »dAzdy, 6, Az[t, X, ¥, z] -» dAzdz},

toPd = {dphidt -6 ¢[t, X, vy, 2], dphi dx - ox o [t, X, vy, 27,

dphidy -6y ¢[t, X, y, z], dphidz -8, ¢[t, X, y, z], dAxdt - & AX[t, X, Vy, z],

dAXdx — ox AX[t, X, Yy, z], dAxdy - o6y AX [t, X, vy, z], dAXxdz - 5; AX[t, X, vy, 2],

dAydt - oy Ay [t, x, ¥y, z], dAydx - ox Ay [t, X, y, z], dAydy - oy Ay [t, X, y, Z],

dAydz - 5, Ay [t, X, vy, z], dAzdt - 6; Az[t, X, vy, z], dAzdx - Ox Az [t, X, vy, z],

dAzdy - oy Az [t, X, ¥y, z], dAzdz -5, Az [t, X, ¥y, Z]};

mo = {D[L /. noPd, dphidt], D[L /. noPd, dAxdt ],
D[L /. noPd, dAydt], D[L /. noPd, dAzdt]};

nmo /. toPd

]

Calculatethe generalizedi-momentunof the classicaEM Lagrangedensity.
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nmonent um[ LEM]

O¢t, X, y,2] OAX[t,X,Y,2]
{0 OX . ot
1 C CZ 1
oot xy,2] OAY[t, X, Yy, 2] o0d[t, X, y, 2] OAZ[t, X, Y, 2]
oy 4 ot oz n ot }
c c? ' c c?

The modesof emissioncannotbe quantizeddueto thatzero.Oneway aroundthis problemis to fix thegauge.Onecovart
antapproachs to usethe Gupta/Bleuletagrangedensity:

Expand | (LGB - —covariant [Jq].A/cC -

1
5¢cZ (DIA[[1]], t] +CcD[A[[2]], X] +Cc D[A[[3]], y] +CD[A[[4]], z])® -
Expand[ Ic? (contract MM[contraD[A] - contraDvu[A],

coD[covari ant [A]] -coDvu[covariant [A]]]) ]) /.
{ot, X, ¥, 2] >0, AX[t, X, vy, 2] >AX, Ay[t, X, VY, 2] > Ay,
Az[t, X, Yy, z] >Az}]

AxJqx  AYJoy  AzJqz  dpq 1 | o AX[t, X, Y, Z] )2”1_ ( OAY[t, X, Y, Z] )27
c c c c 2 0z 2 oz
1 0AzZ[t, X, y, z]\% 1 [(80¢lt,x, y, 2]\ 1 30AIt, X, y, z])?
7( oz ) +v2—< oz ) ,_2_( oy ) -
(aAz[t,x, Y, z])<6Ay[t,x, Y, z])_l<aAy[t,x, Yy, Z] 2+
0z oy 2 oy
OAYIL, X, Y, Z] OAZ[t, X, Y, 2] 1 [ 0AzZ[t, X, Y, z] 2
( oz ) ( oy )742'< oy ) i
1 [ 0¢[t, X, y, z] 2 OAZ[t, X, Y, ] OAXI[t, X, Y, Z]
7( oy ) _( oz ) ( X )_
OAY[t, X, Y, Z] OAX[t, X, Y, Z] 1 [ 0AX[t, X, Y, z] 2
( oy ) ( oX )7”2'< oX ) i
O AX[t, X, VY, Z] O Ay[t, X, Y, 2] 1 OAy[t, X, Y, 2] 2
( oy ) ( X )_7( X i
(oMt Xy 2]y oRelt Xy, 2]y Lot X Y. 2] )2+
oz X 2 X
1 3 ¢[t X, y Z] 2 ( 6¢[t,6x,y,z] ) ( an[t,@tx,y,z] )
y ] L] X
7( oX ) " c "
( an[tétx,Zy,z] )2 . ( Omt,@);,y,z] ) ( aAy[tétx,y,z] ) . ( @Ay[tétx,zy,z] )2 .
2¢C c 2¢C
( dzb[t,axz,y,z] ) ( @Az[tétx,y,z] ) X ( GAz[tétx,Zy,z] )2 i ( @Az[té;(,y,z] > ( @d)[t,@):,y,Z] ) )
c 2¢C c
( OAy[té;,y,Z} ) ( 6¢[t,6>:,y,z] ) _( an[té:((,y,z} ) 6¢[t,@>;,y,z] ) 6¢[t,@);,y,z} )2
c c 2c?

Calculateits generalizedi-momentum.
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monment um[LGB]

c < O0Az[t,X,y,2] ) i c ( OAY[t,X,Y,2] ) i C ( OAX[t,X,y,2] ) + O¢t, X, y,2]

{7 oz oy ox ot
c? '
o[t,X,y,2] OAX[t, X, Y, 2] oO¢lt,x,y, 2] OAY[t, X, Y, 2] A¢lt, Xy, 2] OAZ[t, X, Y, 2]
OX + ot oy " ot oz i ot }
c c? ' C c? ' c c?

Thesefield equationsanbe quantizedput runinto a differenttechnicalproblem. Thefield strengthtensoris secondank
andantisymmetricsowill berepresentely a spinonefield wherelike chargesepel. The scalammodeof emissiorfor a
spinonefield could havea negativeenergydensity,andthatmakesno senseAn additionalconstrainis requiredto make
the scalarandlongitudinalspin 1 fields virtual.

Calculatethe generalizedi-momenturnof the GEM Lagrangedensity.

monment um[LGEM]

oo[t, X, y,2] OAX[t, X, Y,2] OAY[t, X, Y,2] OAZ[t,X,Y,2]
B at ot ot ot }
c? ' c? ' c? ' c2

The GEM field equationsio nothaveany zerosin the4-momentundensity soit is possibleto quantizethe modesof
emission.

The GEM field is NOT all aspinifield. Thefield strengthtensorhastwo parts. The antisymmetricsecondankfield
strengthtensorwill berepresentedy aspinl field for EM wherelike chargesepel. The symmetricsecondankfield
strengthtensomwill berepresentetly aspin?2 field for gravity wherelike chargesattract. Thesemodesof emissionare
scalarandlongitudinal. The scalarmodeof a spin2 field will nothavethe negativeenergydensityproblem.We know that
gravity hasa classicalongitudinalwavebehavior If onedrills a holethroughthe centerof the Earth,andcreatesa vacuum
in thattunnel,a ball droppedn thetunnelwill oscillatewith a periodof aboutanhouranda half. Thedirectionthe particle
accelerategs thedirectionit is moving,sothewaveis longitudinal.Shouldwe everdetectthe polarizationof gravity

waves this unifiedfield proposabpredictsthe modeswill eitherbescalaror longitudinal,andnottransversasis predicted
by generarelativity. As such,thepolarizationof gravity wavesis a clearway to confirm or rejectthis proposal.



